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Abstract— We introduce the Long-Short-Range Neural Net-
work (LSR-Net), a novel neural operator architecture designed
for data-driven forward evolution modeling, and extends it to
the prediction of nonlinear fluid dynamics. LSR-Net learns
the evolution operator of a dynamical system solely from
pairs of initial and future state snapshots, which splits the
learnable integral kernel into long-range (LR) and short-range
(SR) components within stacked network blocks. While the
SR component uses standard convolutions to capture local
dynamics, the LR component employs a sum-of-exponentials
(SOE) representation. This allows for the efficient computa-
tion of global interactions as a trainable Fourier multiplier,
reducing computational complexity to O(nlogn) where n is
the number of pixels in an input snapshot and requiring only a
few parameters per channel. LSR-Net is evaluated on three
challenging 2D benchmarks: the coupled Burgers equation,
the wave equation with a spatially varying coefficient, and the
nonlinear shallow water equation (SWE). Results demonstrate
that LSR-Net significantly outperforms the baseline short-
range network (SR-Net) as well as FNO and DeepONets
in predictive accuracy, achieving substantially lower relative
errors by effectively capturing both local fine-scale structures
and crucial global pattern interactions.

I. INTRODUCTION

Data-driven forward evolution modeling aims to discover
the underlying dynamical laws of physical systems directly
from observational data, circumventing the need for first-
principles derivation. In this context, operator learning has
emerged as a powerful paradigm for learning the solution
operators of partial differential equations (PDEs). Unlike
traditional methods that approximate solutions for fixed
parameters, operator learning frameworks learn mappings
between infinite-dimensional function spaces, enabling them
to predict the evolution of a system from an initial condition
to a future state based solely on paired observation snapshots
(11, (2], [3].

Recent advances in operator learning have produced
two prominent architectures: the Fourier Neural Operator
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(FNO) [4] and DeepONet [5]. FNO learns a neural operator
by parameterizing the integral kernel directly in Fourier
space, achieving resolution-invariance and computational ef-
ficiency through fast Fourier transforms. DeepONet, inspired
by the universal approximation theorem for operators, con-
sists of branch and trunk networks to learn operators from
data. These methods have demonstrated remarkable success
in learning complex PDE dynamics and provide flexible,
model-agnostic frameworks for forward evolution modeling
across various scientific and engineering applications.
Despite their successes, existing operator learning meth-
ods often struggle to capture long-range dependencies in
dynamical systems, which can lead to inaccurate long-term
predictions [6], [7], [8]. The challenge is particularly acute
in pattern-forming systems where global interactions and
local fine-scale structures coexist and co-evolve. To address
these limitations, we propose the Long-Short-Range Neural
Network (LSR-Net), which explicitly decomposes the learn-
able kernel into short-range and long-range components. By
leveraging a sum-of-exponentials (SOE) representation for
the long-range kernel, our method efficiently captures global
interactions through a trainable Fourier multiplier with mini-
mal parameter overhead, while standard convolutions handle
local dynamics. This hybrid architecture enables LSR-Net
to automatically discover hidden interaction patterns directly
from data, achieving superior predictive accuracy across
multiple challenging nonlinear fluid dynamics benchmarks.

II. THE LONG-SHORT-RANGE NEURAL NETWORK

The goal of LSR-Net is to learn the time evolution of
a dynamical system, where the underlying model remains
unknown — which can also be understood as a data-driven
forward evolution modeling problem. Given an initial system
state o9 = ¢(x,0) € X, where X denotes the function space
of system states, the objective is to predict the future state
¢+ = &(x,1) after a finite time interval.

Assume that a set of paired observations {(bél), q#)}f\;l
is available at times t = 0 and ¢t = 7. The task is
to approximate the evolution operator by a parameterized
mapping

Gl x — X,
where 0 denotes the trainable parameters of the model. The
optimal parameters 6* are obtained by minimizing the mean
squared error (MSE) between the predicted and reference
states at time 7'
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Once the evolution operator is learned, long-term predictions
can be generated by repeatedly applying the operator to the
current state, i.e.,

$o — ¢T — Par — - .

Learning evolution operators is generally more challenging
than standard function regression. Physics-informed neural
networks (PINNSs) [9] incorporate governing equations into
the training process, but they are typically designed for fixed
system parameters. Operator learning approaches such as
the Fourier Neural Operator (FNO) [4] and DeepONet [5]
provide more flexible frameworks for learning mappings
between function spaces. However, these methods may still
struggle to capture long-range dependencies, which can lead
to inaccurate long-term predictions [7], [8].

The LSR-Net architecture is illustrated in Fig. 1, which
consists of M stacked LSR-Net blocks. Each block combines
two types of learnable integral kernels: a long-range (LR)
kernel that captures global interactions and a short-range
(SR) kernel that models local dynamics. The outputs are then
passed through a nonlinear activation function ¢. To improve
training stability, a residual connection is introduced in each
block. This design alleviates gradient exploding or vanishing
during backpropagation.
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Fig. 1. Architecture of LSR-Net. Starting from the input snapshot at t = 0,
the network applies M stacked LSR-Net blocks to predict the system state
at time ¢t = T'. Each block combines long-range (LR) and short-range (SR)
learnable integral kernels followed by nonlinear activation functions. The
LR convolution is efficiently computed in Fourier space using the proposed
sum-of-exponentials (SOE) kernel representation. A residual connection is
introduced in each block to improve training stability.

Starting from the input state at ¢ = 0, the network applies
M sequential LSR-Net blocks to produce the predicted state
at time 7. Denoting the transformation in each block by
{ge,} M. the learned evolution operator can be written as

Gglol = (0 0gey) 0 (00 goy_y) 0 0 (00g0)[6]. ()

Each operator gg, is defined through an integral kernel
transformation:

g0, [6°(x)] = /Q Kx—y:6)di(y)dy. 3

Here K(x — y;0;) is a learnable nonlocal kernel parame-
terized by 6;, and ¢‘(x) denotes the intermediate output
of the (i — 1)-th block. Consequently, 8 = {6,}*, rep-
resents the full set of trainable parameters. In LSR-Net,
the activation function o is chosen as Tanh, which has
been shown to be effective in modeling particle and fluid
interfaces [10]. When physical models are available, tailored

activation functions may also be derived analytically under
certain conditions [11].

To capture both non-local interactions and local fine-scale
structures in pattern formation, we decompose the kernel /C
into long-range (LR) and short-range (SR) components:

K = Kir + Ksr. 4

Following common practices in convolutional neural net-
works (CNNs), the SR component is modeled using a stan-
dard convolution layer with a small kernel size (typically 5 ~
7). In contrast, capturing LR interactions using conventional
convolutions is more challenging, as it usually requires either
very large kernels or deep network stacks.

To address this limitation, we introduce a sum-of-
exponentials (SOE) representation for the LR kernel:

P
Krr(x—y;00r) ~ Y fre 1, S
=1

where 0,r = {a;,3/}f_, are learnable parameters and P
denotes the number of LR convolution channels. The SOE
representation is motivated by approximation theory [12],
which states that smooth kernels can be approximated to ar-
bitrary accuracy by weighted sums of exponential functions.
Equation (5) implicitly assumes translational invariance of
the evolution operator. If this symmetry does not hold, the
SOE representation can be extended to higher-dimensional
forms [13]. Unlike many previous studies that determine the
optimal parameters for a predefined kernel form [14], [15],
[16], our framework does not assume any prior knowledge
of the kernel structure. Instead, all parameters are learned
directly from data, enabling the model to automatically
discover hidden long-range interaction patterns.

The SOE representation also enables efficient computation
of LR convolutions. Using the Fourier transform pair

e—a\w| 2a
T a4 k27

the LR convolution can be evaluated in Fourier space via the
convolution theorem:

| Kunt-yitumotdy = 7 [Runi) - 500] . ©

where F~1 denotes the inverse Fourier transform. In Fourier
space, the LR kernel becomes a trainable Fourier multiplier

P
Kir(k) =1 6; <k2iag> : (7)
=1 g

In many applications, LR interactions may exhibit oscillatory
behavior. This can be incorporated by extending the expo-
nents into the complex domain [15], [16]. Using the Fourier
transform pair

e~ el cos(sx) “ + “
a2+ (k+s)?2 a4 (k—s)2])’

the Fourier multiplier can be written as

P
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When s; = 0, this expression reduces to the non-oscillatory
case. Even for oscillatory kernels, only three trainable pa-
rameters are required per LR channel.

Although the two sides of Eq. (6) are mathematically
equivalent, their computational costs differ substantially.
Direct evaluation of the LR convolution requires O(n?) oper-
ations, where n is the number of pixels in an input snapshot.
By performing the computation in Fourier space, the cost
is reduced to O(nlogn) through three steps: (1) compute
the fast Fourier transform (FFT) of the input field, (2) apply
point-wise multiplication with the Fourier multiplier, and (3)
transform back using the inverse FFT.

III. NUMERICAL RESULTS
A. Data Generation

To evaluate the performance of our model, we generate
synthetic datasets by numerically solving several nonlinear
fluid dynamics models. Specifically, following [17], we con-
sider three benchmark systems:

e 2D Burgers equation (vectorized form with coupled

fields u(z,y,t) and v(z,y,t))

o 2D wave equation with spatially varying coefficient

¢ 2D shallow water system (used here as a SWE-type

nonlinear wave benchmark)
Each entry corresponds to a trajectory and contains a tensor
of solution fields over time:

TXNyxN,xC
UeR yxC

where

o T is the number of saved time steps,

e N, = N, = 128 is the spatial resolution,

o (' is the number of physical channels.
For Burgers and wave equations C' = 1, while for the
shallow water system C' = 3 corresponding to (h,u,v).
All simulations are performed on a uniform periodic grid of
size 128 x 128. Initial conditions are sampled from Gaussian
random fields (GRFs) with Matérn covariance.

B. Model Setting

We summarize the model and dataset configurations used
for the three PDE benchmarks studied in this work: 2D
Burgers equation, 2D wave equation with spatially varying
coefficients, and 2D nonlinear shallow water system (SWE-
type).

After training, the model accuracy is evaluated using the
relative L? error, defined as:

test - (8) i
TNt (1 — gli))2
test V2
St i)

where gfg(z) is LSR-Net prediction while ¢(*) is ground truth
from full simulations, and N¢.s: is number of test samples.
Notes:

o The Burgers 2D system is a coupled vector field (u,v)
with periodic boundary conditions and initial conditions
sampled from Gaussian random fields.

o The Wave 2D system uses a spatially varying wave
speed ¢(x,y) as an additional input field to the PINO,
with independent GRF initial displacement ug(x,y).

Relative L? Error =

;o ®

TABLE I
SUMMARY OF MODEL AND DATASET SETTINGS FOR ALL PDE

BENCHMARKS.
Parameter Burgers 2D Wave 2D SWE 2D
Dataset size 500 samples 500 samples 500 samples
Domain [0,1)2 [0,1)2 [0,1)2
Num. layers 3 3 3
Feature channels 7 7 9
Kernel size 7 11 11
Batch size 1 4 4
Learning rate 0.001 0.001 0.001
Optimizer Adam AdamW [18] Adam
€= 1e—8 €= 1le—6 €= 1le—38

Scheduler step_size=16  step_size=16  step_size=8

v=0.5 v=0.5 v=0.1
Epochs 70 70 70

e The SWE 2D system models the nonlinear shallow
water equations with total height 7n(z,y, t), initial per-
turbation 79, and zero initial velocity fields ug = vy =
0.

o All models are implemented in PyTorch. Training and
inference are performed on a single device MPS.

C. 2D Coupled Burgers Equation

We consider the two-dimensional vectorized Burgers equa-
tion, which consists of two coupled velocity fields u(x, y, t)
and v(z,y,t):

Oru + u pu + v Oyu = V(Ozzu + Oyyu), ©)
O + U 0pv + v Oyv = V(Ogzv + Oyyv),
where (z,y) € [0,1)%, t € [0,7], and v = 0.01 is

the viscosity coefficient. This system is periodic in both
spatial directions and exhibits nonlinear coupling between
u and v through the advection terms. Initial conditions for
both velocity components are independently sampled from a
Gaussian random field (GRF) with correlation length [ = 0.1
and standard deviation o = 0.2, i.e.,

u(z,y,0), v(z,y,0) ~ GRF(I,0).

The equations are solved using a spectral solver with time
step At =1 x 107 up to the final time T = Nyeps - At,
and snapshots are recorded every Atgy. = 0.01 time units.
The resulting dataset contains Ngmples = 500 independent
realizations of the coupled dynamics, each stored in a tensor
of shape (2, tgeps, Nz, INy], where the first dimension indexes
the velocity components [u, v].

We compare the proposed LSR-Net with a baseline SR-
Net, which omits the long-range SOE kernel and only retains
the short-range convolution. Since the 2D Burgers equation
involves two velocity components, u and v, we visualize
the prediction results for both variables. In Fig. 2, the four
columns correspond to the initial condition, the ground truth
at t = T, the network prediction, and the corresponding
absolute error. The first two rows show the results produced
by LSR-Net, while the last two rows correspond to SR-
Net. It is clear that LSR-Net exhibits significant advantages
for both coupled variables compared to SR-Net. LSR-Net



Fig. 2. Comparison of prediction results on the 2D Burgers equation. Each
row visualizes one velocity component. The four columns show the initial
condition, the ground truth at ¢ = 7T, the model prediction, and the absolute
prediction error. The first two rows correspond to the results produced by
LSR-Net, while the last two rows correspond to SR-Net.

demonstrates significant advantages for both coupled vari-
ables compared to SR-Net. The SR-Net not only struggles to
capture the underlying patterns but also produces ambiguous
predictions, likely due to its relatively small kernel size of
7. This highlights the accuracy gains provided by the long-
range SOE kernel, which enables LSR-Net to capture global
flow structures more effectively than networks with smaller
kernels..This comparison demonstrates that incorporating the
long-range SOE kernel allows LSR-Net to better capture
global flow structures, resulting in more accurate predictions
and lower errors than SR-Net.

D. 2D Wave Equation with Spatially Varying Coefficient

In this experiment, we consider a two-dimensional wave
equation with a spatially varying wave speed:

3ttu(xv Y, ) = ( ) ( zz U + a@l?!“‘)?
u(z,y,0) = uo(z,y),
dyu(z,y,0) =0, (19)
(z,y) €[0,1)% te[0,T],

where ¢(z,y) denotes the non-constant wave speed and is
sampled from a Gaussian random field (GRF) with corre-
lation length [, = 0.5 and standard deviation ¢ = 1. The
initial displacement field ug(x,y) is independently sampled
from another GRF with correlation length [ = 0.1 and the
same standard deviation. The equation is solved on a periodic
domain using a spectral solver with time step At = 107
up to final time 7" = 5, and snapshots are recorded at fixed
intervals.

Results are shown in Fig. 3. Compared to the Burgers
equation, this problem is more challenging, since the wave

Fig. 3. Prediction comparison for the wave equation with spatially varying
coefficient. The wave field u is a scalar variable, while the wave speed
c(z,y) varies spatially, which makes the prediction task more challenging.
Each row corresponds to one neural operator model: the first row shows the
results of LSR-Net and the second row shows the results of SR-Net. The
four columns represent the initial condition, the ground truth at ¢ = T', the
predicted solution, and the absolute prediction error.

speed c(x,y) varies spatially, leading to heterogeneous
propagation dynamics. Such spatial variability introduces
complex wave interactions, making accurate prediction sig-
nificantly more difficult. Each row in Fig. 3 visualizes the
solution of the scalar field uw. The first row corresponds to
the prediction produced by LSR-Net, while the second row
corresponds to SR-Net. The four columns represent the initial
condition, the ground truth at ¢ = 7', the model prediction,
and the corresponding prediction error, respectively. The
visualization highlights that LSR-Net produces more accu-
rate predictions and better captures sharp wave structures,
whereas SR-Net exhibits larger errors in regions with strong
spatial variations. Overall, the results clearly demonstrate the
advantage of LSR-Net in handling spatially varying wave
speeds and preserving the sharpness of complex patterns.

E. Nonlinear Shallow Water Equations (2D)

We examine the network performance on the nonlinear
shallow water equations. The total fluid column height is
n(x,y,t), given by a mean value of 1 plus some initial
perturbation. The initial horizontal velocity fields u(zx,y,t)
and v(z,y,t) are set to zero.

The governing equations are

O + 0z (nu) + dy(nv) =0,
Ou(me) + 0y (mu® + S%) + 0, (nuv) = (O + Oyyu),

Ou(v) + Dz ) + 0, (m0* + ) = (Orav + D),

with initial conditions 7(x,y,0) = no(z,y), u(z,y,0) = 0,
v(z,y,0) = 0, and periodic boundary conditions (z,y) €
[0,1)2, for t € [0,1]. Here, g = 1 is the gravitational
acceleration and v = 0.002 is the viscosity coefficient to
prevent shocks. The initial height field 7o (x,y) is sampled
from a Gaussian random field with correlation length [ = 0.1
and variance o = 0.2. Simulations are performed using time
step At = 1073 up to final time T = 1.

Results are shown in Fig. 4. The nonlinear shallow water
system involves three coupled physical variables: the height
field n and the two velocity components v and v. This
multi-variable coupling introduces three main difficulties for
prediction: 1) the system is multi-dimensional, 2) the initial



SWE results from LSR-Net
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Prediction comparison for the nonlinear shallow water system. The system contains three variables: the height field h and the velocity components

u and v. The four columns in each subfigure represent the initial condition, the ground truth at ¢t = T, the predicted solution, and the absolute prediction

error.

velocity components u and v are zero, making it very
challenging to learn their evolution, and 3) the variables are
strongly coupled through nonlinear dynamics.

The visualization contains six rows: the first three rows
correspond to LSR-Net predictions for 7, u, and v, respec-
tively, while the last three rows correspond to SR-Net. The
four columns represent the initial condition, the ground truth
at t = T, the model prediction, and the corresponding pre-
diction error. Despite the simple initial velocities, LSR-Net
successfully captures the induced velocity dynamics through
the coupling with n and produces accurate predictions for all
three variables. In contrast, SR-Net fails to accurately predict
all three variables, including the height field 7, as well as the
velocity components v and v, resulting in significantly larger
errors across the system. These results demonstrate that LSR-
Net effectively handles the multi-variable coupling and the
challenge of zero initial velocities.

TABLE II
COMPARISON OF THE RELATIVE L2 ERRORS ACHIEVED BY LSR-NET
AND SR-NET ON THREE PDE BENCHMARKS.

PDE SR-Net  LSR-Net
2D Coupled Burgers 0.999926  0.01388
2D Wave Equation 0.429731  0.03060
SWE System 0.475511  0.01807

Table II reports the relative errors (RMSE) of SR-Net and
LSR-Net on the three PDE benchmarks. It is immediately
clear that LSR-Net achieves substantially lower errors across
all cases. For the 2D coupled Burgers equation, SR-Net
nearly fails with an RMSE of 0.9999, while LSR-Net reduces
it to 0.0139, demonstrating its ability to accurately capture
the coupled dynamics. In the 2D wave equation with spatially
varying wave speed, SR-Net produces a relatively large
RMSE of 0.4297 due to the heterogeneous propagation
patterns, whereas LSR-Net achieves a much lower error of
0.0306, effectively capturing sharp wave structures. Simi-

larly, for the SWE system, SR-Net has an RMSE of 0.4755,
while LSR-Net attains an extremely low error of 0.0089.
Overall, these results clearly illustrate the superiority of
LSR-Net in learning long-range interactions and accurately
predicting complex PDE dynamics compared with a short-
range network.

FE. Multi-step inference comparison with different methods

To evaluate the long-term prediction capability of the
proposed framework, we compare LSR-Net with three rep-
resentative baseline methods, including SR-Net, FNO, and
DeepONet, on three PDE benchmarks: the 2D coupled Burg-
ers equation, the 2D wave equation, and the SWE system.

All methods are evaluated under an autoregressive rollout
setting up to 57". For the 2D coupled Burgers equation and
the SWE system, the rollout interval is set to T = 0.2,
resulting in long-term inference up to 57" = 1.0. For the
2D wave equation, the rollout interval is set to 7' = 1,
and autoregressive inference is performed up to 57 = 5.
At each rollout step, the prediction from the previous step
is recursively fed back into the model as the input for the
next-step prediction. The prediction accuracy is quantified
using the relative L? error. For model setting, LSR-Net and
SR-Net are same in Table 1. For FNO, the key parameters
are hidden layer and number of frequency modes are 4 and
and for 2D coupled Burgers, 7 and 4 for SWE system, 10
and 4for 2D wave equation. For DeepONet, the latent basis
dimension is set to p = 10, and the number of trunk network
layers is set to 4 for all three PDE systems.

Tables III, IV, and V present the autoregressive multi-step
rollout relative L2 errors for LSR-Net, SR-Net, FNO, and
DeepONet on the 2D coupled Burgers equation, the SWE
system, and the 2D wave equation, respectively.

For the 2D coupled Burgers equation, LSR-Net con-
sistently achieves the lowest prediction errors across all
rollout horizons, with significantly slower error accumulation
compared with FNO. In contrast, SR-Net rapidly collapses
during autoregressive inference, while DeepONet exhibits



TABLE III
COMPARISON OF MULTI-STEP ROLLOUT RELATIVE L2 ERRORS ON THE
2D COUPLED BURGERS EQUATION.

TABLE V
COMPARISON OF MULTI-STEP ROLLOUT RELATIVE L? ERRORS ON THE
2D WAVE EQUATION.

Method T 2T 3T 4T 5T Method T 2T 3T 4T 5T
LSR-Net | 0.00061 | 0.00132 | 0.00253 | 0.00425 | 0.00652 LSR-Net | 0.00092 | 0.03980 | 0.24167 | 0.67059 | 1.91164
SR-Net 1.00021 | 1.00029 | 1.00037 | 1.00047 | 1.00058 SR-Net 0.00417 | 0.05145 | 0.27185 | 0.68912 | 1.17940
FNO 0.00312 | 0.00659 | 0.01115 | 0.01722 | 0.02514 FNO 0.00300 | 0.05938 | 0.27559 | 0.62816 | 0.97727
DeepONet | 0.86706 | 0.88453 | 0.92775 | 0.96634 | 0.99764 DeepONet | 0.60926 | 0.58023 | 0.58751 | 0.65133 | 0.74370
TABLE IV the future, we plan to extend LSR-Net to broader nonlinear

COMPARISON OF MULTI-STEP ROLLOUT RELATIVE L? ERRORS ON THE
SWE SYSTEM.

Method T 2T 3T 4T 5T
LSR-Net | 0.01395 | 0.04017 | 0.07067 | 0.10346 | 0.13792
SR-Net 1.00079 | 1.00080 | 1.00084 | 1.00088 | 1.00093
FNO 0.01547 | 0.04724 | 0.08789 | 0.13593 | 0.19103
DeepONet | 0.96283 | 1.00873 | 1.04133 | 1.03780 | 1.03277

substantially larger prediction errors throughout the rollout
process.

A similar trend is observed for the SWE system. LSR-
Net maintains the best overall prediction accuracy during
long-term rollout, while FNO shows moderate error growth
as the inference horizon increases. DeepONet and SR-Net
both suffer from unstable autoregressive behavior and fail to
preserve accurate long-term dynamics.

For the 2D wave equation, all methods experience no-
ticeable error accumulation during long-term rollout. LSR-
Net achieves the best short-term prediction accuracy at early
rollout stages (< 3T'), demonstrating strong local approxima-
tion capability. However, it is clear that due to the varying
coefficients of the wave equation, the operator is no longer
isotropic, thus as the rollout horizon increases, accumulated
errors lead to degraded long-term prediction performance.

Overall, the proposed LSR-Net demonstrates competitive
autoregressive prediction capability across multiple PDE
systems and consistently outperforms the ablated SR-Net
variant, highlighting the importance of the LR component
for stable long-term operator learning.

IV. CONCLUSION

In this work, we propose the long-short-range neural
network (LSR-Net), tailored for prediciton in complex pattern
formation scenarios. This model-free approach requires only
two sets of early-stage snapshots. The key novelty of LSR-
Net lies in the integration of a long-range convolution mod-
ule, which efficiently captures global interactions through
a trainable Fourier multiplier derived from the sum-of-
exponentials (SOE) ansatz in kernel approximation theory.
Notably, this requires only 3—4 trainable parameters per long-
range convolution channel. By combining the long-range
SOE kernel with a standard short-range convolutional kernel,
LSR-Net is able to effectively explore and learn the evolution
of complex patterns. We evaluate LSR-Net on three challeng-
ing PDE benchmarks: the 2D coupled Burgers equation, the
2D wave equation with spatially varying wave speed, and
the SWE system. Compared with a short-range network that
lacks the SOE long-range kernel, the results demonstrate that
LSR-Net consistently achieves superior predictive accuracy
across all cases, particularly for long-term predictions. In

dynamic systems, such as anisotropic systems or irregular
geometries, as well as operators act on general manifolds.
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