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Inferring long-term pattern evolution from early-stage data is a fundamental challenge across phys-
ical sciences, as traditional models rely on known governing equations, while data-driven methods
typically demand extensive training datasets. We propose the Long-Short-Range Neural Network
(LSR-Net), a model-free operator learning framework that overcomes this by learning from only two
sets of early-stage snapshots. The key novelty of LSR-Net lies in decomposing the evolution op-
erator into learnable long-/short-range integral kernels, effectively separating nonlocal interactions
from local dynamics. Further introducing a sum-of-exponentials (SOE) ansatz for the long-range
kernel reduces the computational complexity from O(n2) to O(n logn). Tested on the Allen–Cahn,
Cahn–Hilliard and Flory–Huggins models, LSR-Net achieves a prediction error < 6% for horizons
7× beyond the training interval, outperforming advanced neural operator baselines and demon-
strating robustness to low-quality measurements. Crucially, its successful application to infer the
continental-scale Antarctic temperature field from real atmospheric data validates a general frame-
work for predicting spatiotemporal dynamics in complex physical systems.

Introduction.–Pattern formation and interfacial dy-
namics are observed in a wide variety of physical, chem-
ical, and material systems [1, 2]. Notable examples in-
clude the assembly of block copolymer blends [3], the
emergence of patterns in colloidal electroconvection un-
der 2D confinement [4–6], as well as in solidification
fronts [7], oscillatory chemical reactions [8, 9] and ex-
citable biological media [10]. Understanding these pro-
cesses is of fundamental interest and has significant po-
tential for technological applications, such as nanofabri-
cation [11], heterogeneous catalysis [12], and the design
of advanced materials [13].

A prototypical category of pattern formation phenom-
ena is described by phase-field models, where the inter-
face between two phases is captured by a steep yet contin-
uous state variable ϕ(x, t), whose evolution is driven by
gradients of a nonconvex energy landscape [1, 14]. This
category includes the well-known Allen–Cahn and Cahn–
Hilliard equations [15, 16], and their variants such as
the Swift–Hohenberg and Flory–Huggins models [17–19].
These models have found broad applications in phase-
field-crystal (PFC) modeling [20], chemical kinetics [21],
and polymer solutions [22].

Despite extensive numerical and theoretical investiga-
tions using phase-field models, several challenges remain.
First, many intriguing natural phenomena occur across
multiple spatial and temporal scales. Constitutive rela-
tions must effectively account for interactions between
these scales, let alone the inherent nonlinearity and cou-
pling among different physical fields (e.g., thermal, me-
chanical, and chemical). Although tremendous efforts
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have been made in this direction [23–29], obtaining ade-
quate constitutive relations remains a challenge. Further-
more, ensuring the constructed models accurately predict
real-world behavior requires thorough validation against
experimental data, which can conflict with economic and
time constraints. For instance, the polymer aging process
can span decades. Therefore, predicting long-term pat-
tern evolution from early-stage measurements would be
highly beneficial [30]. However, this area remains largely
overlooked at present.

In this Letter, we propose a novel Long-Short-Range
Neural Network (LSR-Net) designed to accurately pre-
dict the pattern evolution from early-stage snapshots. By
representing the forward evolution operator as a com-
position of long-/short-range learnable integral kernels
with nonlinear activations, LSR-Net effectively captures
global pattern conformation changes and resolves sharp
interfaces locally. LSR-Net is model-free, i.e., it does
not require constructing sophisticated constitutive rela-
tions, thus enabling its application to infer long-term
pattern evolutions across diverse physical scenarios. In
contrast to existing methods such as the Fourier Neu-
ral Operator (FNO) [31], which uses truncated Fourier
series for long-range convolutions, we introduce the sum-
of-exponentials (SOE) kernel approximation ansatz [32–
34] with learnable weights and exponents. The proposed
approach inherently captures the law of free-energy dissi-
pation and exhibits exceptional robustness against noisy,
low-resolution, and partially observed data. Applied to
the ERA5 reanalysis dataset [35]–a comprehensive global
climate record–for the challenging task of predicting the
Antarctic 850 hPa temperature field evolution, LSR-Net
successfully extrapolates to long-term variations despite
being trained only on early-stage (12-hour) data. In this
real-world test, it demonstrates superior performance
compared to established neural operator baselines, in-
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cluding FNO and the Spherical Fourier Neural Operator
(SFNO) [36].

Learning evolution operators.–The goal of LSR-Net is
to predict the system state ϕt = ϕ(x, t) ∈ X after a long-
time evolution, given an initial condition ϕ0 ∈ X , where
X is a function space of states. Specifically, with two

sets of early-stage observations {ϕ(i)
0 }Ni=1 and {ϕ(i)

T }Ni=1

at t = 0 and T , we aim to build an approximation for
the evolution operator as a learnable mapping GT

θ : X →
X , θ ∈ Θ for some finite-dimensional parameter space Θ.
This involves identifying θ⋆ such that GT

θ⋆ [ϕt] ≈ ϕt+T

holds for all t ≥ 0. In the operator learning framework,
this problem can be approached in a model-free, data-
driven manner by minimizing the mean squared error
(MSE) between the predicted and reference system states
at T , i.e.,

θ⋆ = argmin
θ

1

N

N∑
i=1

∥∥∥GT
θ [ϕ

(i)
0 ]− ϕ

(i)
T

∥∥∥2 . (1)

Once the evolution operator is accurately learned, long-
term predictions can be achieved by iteratively applying
GT

θ⋆ to the current states, progressing as ϕ0 7→ ϕT 7→
ϕ2T 7→ · · · . It is important to note that learning op-
erators is typically more challenging compared to func-
tion regression. Existing machine learning approaches,
such as physics-informed neural networks (PINN) [37],
essentially solve a regression problem, whose performance
is enhanced by integrating known (or partially known)
physical models. However, they are limited to single
instances of system parameters. Meanwhile, operator
learning frameworks like FNO [31] and DeepONet [38]
still struggle to capture long-range dependencies, often
resulting in inadequate long-term predictions [39, 40].

LSR-Net architecture.–As depicted in Fig. 1, the archi-
tecture of LSR-Net is composed of M learnable LSR-Net
blocks. Each block integrates both long-range (LR) and
short-range (SR) learnable integral kernels, followed by
nonlinear activation functions σ. To prevent gradient
exploding/vanishing during backpropagation, a residual
connection is added into each LSR-Net block. This com-
ponent is found to be essential for robust training with
real-world atmospheric datasets. Denote the integral ker-
nel transformation within each block as {gθi

}Mi=1, the full
evolution operator in LSR-Net is expressed as:

GT
θ [ϕ] = (σ ◦ gθM

) ◦ (σ ◦ gθM−1
) ◦ · · · ◦ (σ ◦ gθ1

)[ϕ] , (2)

where each kernel integral operator gθi is defined by:

gθi
[ϕi(x)] =

∫
Ω

K(x− y;θi)ϕ
i(y) dy . (3)

Here K(x − y;θi) is a learnable, non-local kernel pa-
rameterized by θi, and ϕi(x) denotes the intermediate
output from the previous block if i > 1. Consequently,
θ = {θi}Mi=1 constitutes the set of all trainable parame-
ters, with σ chosen as Tanh in LSR-Net, which has proven
effective in modeling particle/fluid interfaces [41]. Note

FIG. 1: The architecture of LSR-Net. Start from in-
put snapshot at t = 0, the network applies M -layers of
LSR-Net blocks, producing the predicted output snap-
shot at t = T . Each LSR-Net block integrates both
long-range (LR) and short-range (SR) learnable integral
kernels, followed by activation functions. The LR convo-
lution is efficiently computed in Fourier space using the
proposed sum-of-exponentials (SOE) kernel ansatz. A
residual connection is added for each LSR-Net block to
improve the training stability.

that when physical models are known, tailored activa-
tion functions can be derived analytically under certain
circumstances [42].
To effectively capture both non-local interactions and

local fine-scale features in pattern formation, we further
decompose K into LR and SR components:

K = KLR +KSR . (4)

In line with standard practices in convolutional neural
networks (CNNs), the SR component can be learned us-
ing a convolution layer with a small kernel size (typically
5 ∼ 7). However, learning the LR component is challeng-
ing using standard convolution layers, which typically re-
quire a large kernel size or an increased number of layers.
To overcome this issue, we propose the following sum-of-
exponentials (SOE) ansatz for KLR:

KLR(x− y;θLR) ≈
P∑
l=1

βle
−αl|x−y| , (5)

where θLR = {αl, βl}Pl=1 are the learnable weights and
exponents for KLR, and P a hyperparameter representing
the number of LR convolution channels. The SOE ansatz
is grounded in approximation theory [43], which asserts
that any smooth, and possibly long-range kernel can be
approximated to arbitrary precision by a weighted sum of
exponential functions. Note that Eq. (5) assumes trans-
lational symmetry of the evolution operator. In cases
where this symmetry is broken, it can be addressed by
lifting the SOE ansatz to higher dimensions [44]. Finally,
we note that existing studies typically focus on identify-
ing the optimal set of parameters {αl, βl}Pl=1 for given
kernel function forms [34, 45, 46]. In contrast, here we
do not assume a known kernel; rather, all parameters are
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learned during the training process, enabling the auto-
matic discovery of hidden long-range interaction struc-
tures.

Efficient long-range convolutions.–Leveraging the SOE
form in Eq. (5), we propose an efficient method to com-
pute long-range convolutions. Based on the simple fact
that

{
e−α|x|, 2α/(α2 + k2)

}
forms a Fourier transform

pair, the LR convolution can be efficiently handled in
Fourier space via the convolution theorem:∫

Ω

KLR(x− y;θLR)ϕ(y) dy = F−1
[
K̂LR(k) · ϕ̂(k)

]
,

(6)
where F−1 denotes the inverse Fourier transform, and

K̂LR(k) becomes a trainable Fourier multiplier in k-
space:

K̂LR(k) =

P∑
i=1

βi

(
αi

k2 + α2
i

)
. (7)

In many real-world scenarios, the LR interaction
kernel can be oscillatory. This can be accommo-
dated by extending the exponents into the complex
plane [45, 46]. Analogously, by using the fact that{
e−α|x| cos(sx), α/[α2 + (k + s)2] + α/[α2 + (k − s)2]

}
is a Fourier transform pair, the Fourier multiplier can be
modified as follows:

K̂os
LR(k) =

P∑
i=1

βi

[
αi

(k + si)2 + α2
i

+
αi

(k − si)2 + α2
i

]
,

which simplifies to non-oscillatory case when si = 0.
Note that even for the oscillatory case, there are only 3
trainable parameters per LR convolution channel. This
not only yields a more compact model, but also leads to
superior training accuracy compared to FNO and Deep-
Onet, as detailed in Supplementary Materials (SM), Sec.
I. E.

Although the two sides of Eq. (6) are mathematically
equivalent, their computational costs differ significantly.
Direct computation of the LR convolution requires O(n2)
operations, where n is the total number of pixels in a
snapshot image. In contrast, performing the compu-
tation in k-space reduces the operations to O(n log n),
namely (1) take fast Fourier transform (FFT) of the input
snapshot; (2) point-wise multiplication with the Fourier
multiplier; and (3) inverse fast Fourier transform (iFFT)
back. Finally, note that this approach assumes the early-
stage measurements are standard images defined on a
regular grid, so that FFT can be applied. If measure-
ments are taken on a non-equispaced grid (or more gen-
erally on point clouds), the same process can be achieved
using non-uniform FFT techniques [47–50]. We also im-
plement a NUFFT-based version of LSR-Net. This ver-
sion enables the model to handle measured data in the
form of point clouds in R3, allowing it to predict temper-
ature field evolutions over Antarctica.

Long-term prediction via ensembling.–To test our ap-
proach, we generated simulated data for the evolution

of the Allen–Cahn, Cahn–Hilliard, and Flory–Huggins
models, where the true long-term dynamics are known.
For each model, we collected N = 500 early-stage snap-
shots from the full simulation by varying initial condi-
tions sampled from Gaussian random fields. These were
split into 320 samples for training, 80 for validation, and
100 for testing. Importantly, to evaluate the long-term
predictive capability of LSR-Net, we selected T such that
the pattern formation process had only just begun. The
trained model was then applied recursively to generate
long-term predictions until the patterns nearly reached
equilibrium. The inherent randomness in network ini-
tialization and training introduces significant variance
across individual runs, which accumulates and degrades
long-term prediction performance. To address this, we
adopt an ensembling strategy to reduce prediction un-
certainty [51]. Consistent behavior is observed across all
three benchmark models. For clarity, the main text fo-
cuses on results from the Allen-Cahn dataset, while re-
sults for the Cahn–Hilliard and Flory–Huggins datasets,
along with data preparation, model training and ensem-
bling details, are provided in SM Sec. I. A-D.

The long-term prediction results of LSR-Net on the
Allen–Cahn model are presented in Fig. 2a, where the
first row shows the ground truth snapshots at represen-
tative times T , 3T , and 7T , while the second and third
rows show the corresponding LSR-Net predictions and
point-wise absolute errors, respectively. Despite some ac-
cumulated errors during the inference stage (see Fig. 2b),
LSR-Net effectively captures the long-term pattern evo-
lution features for the Allen–Cahn model, significantly
extending beyond the training time horizon T . These
findings demonstrate the model’s capability to robustly
learn and forecast long-term pattern evolution in com-
plex systems. Notably, as shown in Fig. 2b, the ensem-
ble predictions (black line) not only outperform the best
individual model but also, crucially, exhibit significantly
reduced long-term prediction uncertainty. Furthermore,
a comparison with SR-Net (which omits the LR module;
see inset) clearly highlights the advantage of LSR-Net:
it simultaneously boosts long-term accuracy and reduces
uncertainty, thereby validating the LSR-Net design.

It is well known that pattern formation described by
models such as the Allen–Cahn and Cahn–Hilliard equa-
tions take the form of gradient flows to minimize the
corresponding Ginzburg–Landau free-energy functionals.
Therefore, it is crucial for the LSR-Net predictions to ad-
here to the fundamental physical law of energy dissipa-
tion. To validate this, we calculated the LSR-Net pre-
dicted free energies for the Allen–Cahn, Cahn–Hilliard,
and Flory–Huggins models (SM, Fig. 1, Fig. 4(a-b)). In
all cases, LSR-Net consistently preserves the energy dis-
sipation law. Notably, LSR-Net does not require prior
knowledge of free energy functionals; the physical law
of energy dissipation is learned purely from early-stage
snapshots. This distinguishes our method from recent
works where the explicit energy functional forms are in-
corporated into the network design to preserve energy
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T

· · ·

3T

· · ·

7T

· · · · · ·

· · · · · ·

(a) Long-term inference for the Allen–Cahn dynamics

(b) Improved prediction accuracy & reduced uncertainty via
ensembling

FIG. 2: (a) Long-term inference of the Allen-Cahn dy-
namics by LSR-Net, where T the training time horizon.
Top row: ground truth at times T , 3T , and 7T . Middle
row: corresponding LSR-Net predictions. Bottom row:
point-wise absolute errors. (b) Prediction RMSE vs. In-
ference time, with ensembling applied over 5 independent
runs. Inset: ensemble-averaged RMSE (solid curve) and
prediction uncertainty (shaded region) vs. time. Results
from SR-Net (without LR modules) are included for com-
parison.

dissipation [52, 53].
Robustness against low-quality measurements.–To eval-

uate the robustness of LSR-Net, we conducted three
types of tests with low-quality measurements: (a) noisy
snapshots; (b) low-resolution data; and (c) partial obser-
vations. In Fig. 3, we present test results on the evolution
of a star-shaped interface, a curvature-driven interfacial
dynamics governed by the Allen–Cahn equation [53]. De-

tails regarding the interfacial dynamics model setup, and
extra robustness tests on the Cahn–Hilliard and Flory–
Huggins datasets are provided in SM, Sec.I. F. The left
panel of Fig. 3 presents the results with added noise to
the original snapshots from full simulations, where the
top row shows the ground truth; the second and third
rows depict LSR-Net predictions with 5% and 10% added
Gaussian noise, respectively. Despite the added noise,
LSR-Net predictions reliably preserve the phase morphol-
ogy and interfacial dynamics. Another interesting obser-
vation is that, though the training snapshots (at t = 0
and T ) are noisy, the long-term dynamics inferred by
LSR-Net automatically filters those and obtains smooth
predictions, which can be understood from the spectral
bias mechanism of neural networks [54, 55]. The right
panel of Fig. 3 illustrates test results using low-resolution
data and partial observations. The top two rows corre-
spond to LSR-Net predictions trained on low-resolution
snapshots with down-sampling factors of 2 and 4, re-
spectively. The bottom row shows predictions based on
partial observations, where only a subregion (the top-
right quadrant) of the full snapshots is retained for LSR-
Net training. Remarkably, LSR-Net successfully captures
interfacial dynamics in both scenarios, underscoring its
generalization capability towards real experimental ap-
plications.

Inferring Antarctic t850 pattern evolution.–We finally
apply LSR-Net to predict the evolution of the Antarctic
850 hPa temperature field (t850)–a challenging real-world
system with unknown governing equations. The model
is trained on ERA5 reanalysis data from 1950–2024 [35],
using the first two days of each month at 00:00 and 12:00
UTC to learn the 12-hour forward evolution operator.
As before, predictions are enhanced via ensembling. De-
tailed data preparation, pre-processing, and training pro-
cedures are described in SM Sec. I. G. A comparison of
36-hour Antarctic t850 predictions from FNO, SFNO, and
LSR-Net (under identical training and ensembling pro-
tocols) is presented in Fig. 4. While FNO over-smooths
important variations and SFNO exhibits polar artifacts,
LSR-Net successfully captures the low-temperature pat-
tern, especially along the coastline, demonstrating LSR-
Net’s effectiveness in forecasting complex real-world spa-
tiotemporal processes.

Conclusions & Discussions.–In this work, we propose
the long-short-range neural network (LSR-Net), tailored
for long-term inference in pattern formation scenarios.
This model-free approach requires only two sets of early-
stage snapshots. The key novelty lies in the integra-
tion of a long-range convolution module, which efficiently
captures global interactions through a trainable Fourier
multiplier derived from the sum-of-exponentials (SOE)
ansatz in kernel approximation theory. Notably, this re-
quires only 3 ∼ 4 trainable parameters per long-range
convolution channel. Our design significantly reduces
the model size by 1 ∼ 3 orders of magnitude compared
to DeepOnet and FNO, while also achieving higher ac-
curacy, especially for long-term predictions.
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FIG. 3: Robustness of LSR-Net inference results tested on the evolution of a star-shaped interface. Left panel:
tests against added noise, where the top row shows the ground truth; the second and third rows depict LSR-Net
predictions with 5% and 10% added Gaussian noise, respectively. Right panel: the upper two rows correspond to
LSR-Net predictions trained on low-resolution snapshots with down-sampling factors of 2 and 4, respectively; and the
bottom row shows predictions based on partial observations, where only the top-right quadrant of the full snapshots is
retained for LSR-Net training. In each panel, the three columns show inference results at T , 3T , and 7T , respectively.

(a) Ground Truth (b) FNO

(c) SFNO (d) LSR-Net

FIG. 4: Comparison of 36-hour forecasts for the Antarc-
tic 850 hPa temperature field (t850). (a) Ground truth.
(b)-(d) Predictions using FNO, SFNO, and LSR-Net, re-
spectively.

The performance of LSR-Net has been validated across
various datasets collected from full simulations of the
Allen–Cahn, Cahn–Hilliard, and Flory–Huggins mod-
els. A key result is that LSR-Net, trained directly
on atmospheric datasets, successfully infers continental-
scale Antarctic temperature field evolution. This demon-
strates its capability for reliable prediction of large-scale,
complex spatiotemporal dynamics, even in the absence

of known governing equations. Interestingly, LSR-Net
also exhibits exceptional robustness against low-quality
measurements, including noisy snapshots, low-resolution
images, and partial observations, highlighting its trans-
formative potential for addressing challenging real-world
applications.

In the future, we plan to use LSR-Net to infer thermo-
dynamics/kinetic properties from real images of phase-
separating materials [56], as well as from in situ X-ray
scattering measurements of crystallization in reciprocal
space [57, 58]. Additionally, we aim to test LSR-Net
on datasets from advanced coherent diffractive imaging
methods for noncrystalline materials [59]. We also aim to
improve the performance of LSR-Net for large-scale sys-
tems via learning operators in reduced latent spaces [60],
as well as optimize the algorithm implementation on
GPUs [61], thereby expanding its applicability to more
complex real-world scenarios.

We finally note that, as a model-free approach, LSR-
Net is inherently less suited to directly providing new
physical insights. In contrast, while model-based meth-
ods can enhance theoretical understanding, they often
require substantially more–or more diverse–data to accu-
rately learn the underlying constitutive relations [28, 29].
Ideally, these approaches can be complementary : a
trained LSR-Net, learned from early-stage observations,
can be used as a generative model to produce longer-
term synthetic data, which may then support the dis-
covery of underlying physical laws through model-based
techniques.
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Hogan, E. Hólm, M. Janisková, S. Keeley, P. Laloyaux,
P. Lopez, C. Lupu, G. Radnoti, P. de Rosnay, I. Rozum,
F. Vamborg, S. Villaume, and J.-N. Thépaut, Quarterly
Journal of the Royal Meteorological Society 146, 1999
(2020).

[36] B. Bonev, T. Kurth, C. Hundt, B. Lusch, M. Mar-
dani, R. Anirudh, M. Chertkov, J. Kossaifi, Y. Mroueh,
M. Farajtabar, et al., in Proceedings of the 40th Interna-
tional Conference on Machine Learning (ICML) (PMLR,
2023) pp. 2806–2823.

[37] M. Raissi, P. Perdikaris, and G. E. Karniadakis, J. Com-
put. Phys. 378, 686 (2019).

[38] L. Lu, P. Jin, G. Pang, Z. Zhang, and G. E. Karniadakis,
Nat. Mach. Intell. 3, 218 (2021).

[39] Z. Li, W. Peng, Z. Yuan, and J. Wang, Phys. Fluids 35
(2023).

[40] D. Nayak and S. Goswami, arXiv:2505.17341 (2025).
[41] H. Tanaka and T. Araki, Phy. Rev. Lett. 85, 1338 (2000).
[42] Y. Lan, Z. Li, J. Sun, and Y. Xiang, J. Comput. Phys.

491, 112343 (2023).
[43] R. A. DeVore and A. Kunoth, Multiscale, nonlinear and

adaptive approximation (Springer, 2009).
[44] S. Jiang, L. Greengard, and S. Wang, Adv. Comput.

Math. 41, 529 (2015).
[45] Z. Gao, J. Liang, and Z. Xu, J. Sci. Comput. 93, 40

(2022).
[46] Y. Lin, Z. Xu, Y. Zhang, and Q. Zhou, arXiv:2503.03183

(2025).
[47] A. Dutt and V. Rokhlin, SIAM J. Sci. Comput. 14, 1368

(1993).
[48] L. Greengard and J.-Y. Lee, SIAM Rev. 46, 443 (2004).
[49] A. H. Barnett, J. Magland, and L. af Klinteberg, SIAM

J. Sci. Comput. 41, C479 (2019).
[50] Y. Peng, L. Lin, L. Ying, and L. Zepeda-Núñez, J. Com-
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