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Abstract – Striking helical structures are known to emerge as dense packings under cylindrical confinement.
Yet, their dipolar cohesion upon magnetization remains largely unexplored. Here, we derive analytical re-
lations between chirality, confinement, and cohesion in the nascent helical phase emerging from the densest
planar zigzag structure. Excellent agreement with exact chiral lattice-sum calculations is obtained. Remark-
ably, while the energetic response is harmonic with respect to the chiral distortion, it becomes linear in the
experimentally controlled pore diameter. Our results can be realized in confined dipolar assemblies ranging
from magnetic colloidal suspensions to granular media.

Introduction. – The self-assembly of dipolar particles un-
der external fields has long served as a paradigmatic model
system for understanding collective ordering in soft condensed
matter [1–4]. Magnetically aligned colloids confined in cylin-
drical geometries have been realized experimentally in micro-
tubes [5] and microfluidic devices [6], with applications rang-
ing from magnetic drug delivery [7] and bioimaging [8, 9] to
photonic materials [10] and separation technologies [11]. In
such systems, long-range dipolar interactions compete with ge-
ometrical confinement, giving rise to a rich variety of ordered
microstructures.

From a geometrical viewpoint, cylindrical confinement con-
stitutes a remarkable packing problem. As the pore diameter
increases, the densest arrangements of identical spheres suc-
cessively evolve from a single chain to a planar zigzag, a single
helix, double helices and increasingly complex columnar struc-
tures [12,13]. Over the past two decades, dense packings under
cylindrical confinement have provided a fertile ground for ex-
ploring structural selection driven solely by geometry [14–26].

Once magnetized, however, these geometrically optimal
packings acquire cohesive properties governed by long-range
dipolar interactions. While the cohesion of linear dipolar chains
and planar zigzag structures has been extensively investigated
[27–34], the cohesive properties of the emerging helical branch
remain largely unexplored. In particular, the interplay between
chirality, confinement, and dipolar cohesion in the vicinity of
the zigzag–helix transition has remained elusive.

Recently, we established the cohesive-energy landscape
of densely packed confined dipolar columns across the

chain–zigzag–helix sequence [35]. While this work provided
a first physical picture of the helical regime, a comprehensive
analytical description of the nascent helical phase is still miss-
ing.

In this Letter, we develop a microscopic analytical theory for
the onset of dipolar helicity emerging from the densest planar
zigzag packing. Our framework quantitatively captures exact
chiral lattice sums and yields remarkably simple relations in
terms of either the chiral order parameter or the confinement
diameter, thereby elucidating the interplay between geometry,
chirality, and dipolar cohesion.

Model. – We consider identical dipolar hard spheres of di-
ameter d = 1 confined in a cylindrical pore of diameter D, see
Fig. 1. A strong homogeneous magnetic field aligns all dipole
moments along the cylinder axis, m⃗i = me⃗z. Using the charac-
teristic dipolar contact energy U↑↑ = µ0m

2/(4π) as the energy
unit, the reduced dipolar interaction between two particles i and
j separated by the vector r⃗ij = r⃗j − r⃗i = (xij , yij , zij) reads

v(r⃗ij) =
1

r3ij

[
1− 3

z2ij
r2ij

]
, (1)

where rij = |r⃗ij |.
We focus on the dense single-helical branch that emerges

continuously from the densest planar zigzag configuration upon
increasing the pore diameter beyond D0 = 1+

√
3/2. The par-

ticle positions are parametrized as

r⃗n =
(a
2
cos(nϕ),

a

2
sin(nϕ), np

)
, (2)
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Fig. 1: Geometric setup of dipolar hard spheres with diameter d = 1
confined in a cylindrical pore of diameter D and subjected to a strong
homogeneous magnetic field B⃗ ∥ z aligning all dipole moments. (a)
Densest planar zigzag configuration at D0 = 1 +

√
3/2. (b) Dense

single-helical branch characterized by the transverse amplitude a =
D − 1, axial spacing p, and azimuthal phase increment ϕ. The chiral
deviation is defined as ψ = π − ϕ, with ψ = 0 in the planar zigzag
limit.

where
a = D − 1 (3)

is the diameter accessible to the sphere centers, ϕ is the az-
imuthal phase increment, and p is the corresponding axial spac-
ing, see also fig. 1.

The dense-packing contact condition yields [25]

ϕ = arccos

(
1−

√
3

a

)
, p2 = 1−

√
3

2
a. (4)

and

D0 = 1 +

√
3

2
, ϕ0 = π, p0 =

1

2
, (5)

at the zigzag–helix threshold. At this stage, it is natural to in-
troduce the chiral deviation

ψ = π − ϕ. (6)

Using cosϕ = − cosψ, one obtains

a(ψ) =

√
3

1 + cosψ
, (7)

and

p2(ψ) = 1− 3

2(1 + cosψ)
. (8)

For a particle separated by n sites from the reference particle,

r2n(ψ) = n2p2(ψ) +
a2(ψ)

2
[1− cos(nϕ)] . (9)

so that the reduced energy per particle reads

uhelix(ψ) =

∞∑
n=1

[
1

r3n
− 3

n2p2(ψ)

r5n

]
. (10)

Near-threshold analysis. – Expanding the helical energy
(10) around the densest planar zigzag reference uzz(D0) nat-
urally yields a Landau expansion in terms of the chiral order
parameter ψ,

uhelix(ψ)− uzz(D0) = K2ψ
2 +K4ψ

4 +O(ψ6). (11)

The quadratic coefficient naturally separates into even and odd
contributions. For even separations,

Keven
2 =

∑
n≥2

n even

18

n3
=

9

4
ζ(3), (12)

where ζ(s) =
∑∞

n=1
1
ns stands for the Riemann zeta function.

For odd separations,

Kodd
2 = −18

∑
n≥1
n odd

(n2 − 3)(3n2 − 1)

(n2 + 3)7/2
, (13)

and hence

K2 =
9

4
ζ(3)− 18

∑
n≥1
n odd

(n2 − 3)(3n2 − 1)

(n2 + 3)7/2
. (14)

Introducing the odd Epstein-type lattice function [36],

Eodd(s; 3) =
∑
n≥1
n odd

1

(n2 + 3)s
, (15)

one obtains

K2 =
9

4
ζ(3)− 18

[
3Eodd

(
3

2
; 3

)
− 28Eodd

(
5

2
; 3

)

+60Eodd

(
7

2
; 3

)]
. (16)

Numerically,
K2 ≃ 2.23891217. (17)

The fourth-order coefficient is considerably more delicate. Af-
ter cancellation of the logarithmic divergences arising sepa-
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rately in the even and odd contributions, one obtains

K4 = 3

ln 2 + ∑
n≥1
n odd

(
1√

n2 + 3
− 1

n

)+
15

8
ζ(3)

+
3

4

[
− 247Eodd

(
3

2
; 3

)
+ 2833Eodd

(
5

2
; 3

)

−11400Eodd

(
7

2
; 3

)
+ 15120Eodd

(
9

2
; 3

)]
.(18)

Numerically,
K4 ≃ −2.0726931. (19)

It is fruitful to rewrite the expansion in terms of the distance
to the zigzag–helix threshold

δ = D −D0, (20)

which will be referred to as the excess opening. Exploiting (7),

a(ψ) =

√
3

2

[
1 +

ψ2

4
+
ψ4

24
+O(ψ6)

]
, (21)

one obtains

δ =

√
3

8
ψ2 +

√
3

48
ψ4 +O(ψ6), (22)

and therefore

ψ2 =
8√
3
δ − 32

9
δ2 +O(δ3). (23)

Substituting eq. (23) into eq. (11) yields

uhelix(D)− uzz(D0) = A1δ +A2δ
2 +O(δ3), (24)

with
A1 =

8K2√
3
, (25)

and
A2 = −32

9
K2 +

64

3
K4, (26)

noticing that A1 > 0 and A2 < 0.

Discussion. – To assess the accuracy and range of va-
lidity of the analytical results derived above, we now com-
pare the near-threshold expansions with the exact lattice-sum
predictions. Figure 2 shows the reduced energy difference
∆u = uhelix(ψ) − uzz(D0) as a function of the chiral devi-
ation ψ. Within harmonic theory, the energetic cost of a chiral
distortion grows quadratically asK2ψ

2, corresponding to an ef-
fective stiffness of the dense helical state near the zigzag–helix
threshold. As expected, this approximation accurately captures
the initial increase of the energy but progressively overesti-
mates its growth as the distortion amplitude increases.

Crucially, the negative quartic contribution K4ψ
4 softens

this harmonic response and substantially improves the agree-
ment with the exact lattice sum, reproducing the curvature of
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Fig. 2: Reduced energy difference ∆u = uhelix(ψ)−uzz(D0) versus
the chiral deviation ψ. Exact lattice sum, eq. (10); eq. (11) truncated
at order ψ2; eq. (11) truncated at order ψ4. The inset displays δ(ψ)
stemming from the exact geometrical relation, eq. (7), and its near-
threshold expansion, see eq. (23).

the energy landscape over a broad range of chiral deviations.
Remarkably, the quartic approximation remains very accurate
well beyond the strict asymptotic regime ψ ≪ 1 and cap-
tures the exact curvature up to chiral deviations approaching
ψ ≃ π/4. This demonstrates that the leading anharmonic cor-
rection already captures the essential physics governing the on-
set of helicity.

The inset of fig. 2 further shows that the perturbative relation
between the chiral deviation ψ and the excess opening δ = D−
D0 remains extremely accurate over the entire range displayed.
The asymptotic expression of δ(ψ), see eq. (22), is practically
indistinguishable from the exact geometrical relation, so that
the deviations observed in fig. 2 originate primarily from the
energetic expansion itself.

Since the confinement diameter D constitutes the experi-
mentally accessible control parameter, it is natural to reformu-
late the energetic landscape directly in terms of δ = D − D0.
Thereby, fig. 3 presents the reduced energy difference as a
function of the excess opening δ and compares the exact lattice-
sum prediction with the expansion provided by eq. (24). As for
Fig.2, excellent agreement is observed close to the zigzag–helix
threshold. A noteworthy consequence of the geometrical rela-
tion δ ∝ ψ2 is that the harmonic energetic response ∆u ∝ ψ2

associated with the chiral order parameter is transformed into
a linear dependence on the experimentally controlled quantity,
∆u ∝ δ. Thus, while the onset of helicity is governed by a con-
ventional harmonic energy landscape when expressed in terms
of ψ, it no longer appears as a quadratic minimum when viewed
as a function of the confinement diameter. This behavior con-
trasts with the chain–zigzag transition, for which the cohesive
energy exhibits the more conventional quadratic dependence on
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Fig. 3: Reduced energy difference ∆u = uhelix(D) − uzz(D0) ver-
sus the excess opening δ = D − D0. Exact lattice sum, eq. (10);
linear theory, eq. (24) truncated at order δ; quadratic theory, eq. (24)
truncated at order δ2. The inset displays ψ2(δ) stemming from the
exact geometrical relation, eq. (7), and its near-threshold expansion,
eq. (23).

the distance to threshold as recently reported [35].
Moreover, this linear dependence ∆u ∝ δ also admits a

simple mechanical interpretation. Unlike a conventional har-
monic energy landscape, for which the restoring force vanishes
at the minimum and increases proportionally to the displace-
ment, here we have to deal with a constant force scale at lead-
ing order set by A1. The negative coefficient A2, on the other
hand, reduces this slope as the excess opening increases, giving
rise to the downward curvature of the helical branch observed
in fig. 3.

All that being said, the first-order approximation correctly
captures the initial linear evolution of the cohesive energy but
progressively overestimates its growth as the excess opening
increases. Remarkably, the inclusion of the second-order term
already brings the theory into close agreement with the exact
lattice-sum prediction over a broad range of excess openings.
Beyond merely improving the quantitative agreement, the neg-
ative coefficient A2 captures the onset of the progressive re-
covery of cohesion (i.e., decrease of ∆u) observed at larger
openings, as evidenced by the downward bending of the heli-
cal branch, see fig. 3. This indicates that the first nonlinear
correction already contains the essential physics governing the
post-threshold evolution of the helical state.

Concluding remarks. – To sum up, we have shown that
the emergence of helicity in densely packed dipolar columns
is governed by a subtle interplay between geometry and long-
range dipolar correlations. Starting from the densest planar
zigzag configuration, we derived a fully analytical description
of the energetic cost associated with the onset of chirality and
established explicit connections between the geometrical order

parameter, the confinement diameter, and the cohesive energy.
A central result is that the zigzag–helix transition differs

qualitatively from the previously studied chain–zigzag transi-
tion [35]. While the latter displays the conventional quadratic
energetic signature of a structural instability, the zigzag–helix
transition appears linear when expressed in terms of the exper-
imentally controlled pore diameter. This unusual behavior pro-
vides a simple physical interpretation of the early stages of he-
lix formation and explains how the initially weakened cohesion
progressively recovers as the confinement is further relaxed.

These predictions should be directly relevant to experiments
on magnetically aligned colloids confined in cylindrical geome-
tries [5] and, more generally, to dipolar assemblies at granular
scales [32, 37]. More broadly, the present approach can be ex-
tended to other special confinement diameters associated with
structural transitions [17, 21] and enhanced cohesion, as well
as to non-circular cylindrical confinements [38]. This opens
new perspectives for understanding how confinement geome-
try simultaneously controls chirality, structural selection, and
cohesion in quasi-one-dimensional dipolar matter.
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