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RCIP-BASED REDUCED-BASIS MODELING FOR FREQUENCY
SWEEPS IN NEARLY TOUCHING PLASMONIC DISKS*

TIANHAO HU' AND ZECHENG GANT

Abstract. We develop a reduced-basis method for repeated frequency-domain solution of a two-
dimensional quasistatic transmission problem for nearly touching plasmonic disks. The high-fidelity
discretization combines a Nystréom boundary integral method with recursively compressed inverse
preconditioning (RCIP), and the reduced state is the RCIP-transformed density on the coarse grid.
For a fixed geometry, the parameter-dependent part of the compressed inverse is confined to local
gap blocks. Introducing explicit restriction and extension operators for these blocks yields an offline—
online decomposition of the reduced operator and of a discrete residual indicator. The resulting online
algebra depends on the reduced dimension and the local RCIP block size rather than on the global
coarse-grid dimension, although the local RCIP recursion remains parameter dependent. We also
formulate target-dependent layer-potential evaluation and a multi-layer local refinement for targets
close to a gap. The reported experiments show rapid decay of snapshot singular values and small
discrepancies between the reduced and RCIP solutions for fixed two- and three-disk geometries over
the sampled frequency band. These computations support the proposed localized reduction strategy;
they do not constitute a certified error bound or a geometry-parametric surrogate.

Key words. reduced-basis method recursively compressed inverse preconditioning boundary
integral equation plasmonic resonance many-query frequency sweep

MSC codes. 65R20, 65N38, 7T8M15

1. Introduction. Closely spaced metallic particles can support strongly local-
ized quasistatic fields in their intervening gaps [18,20,22]. These fields are relevant to
sensing and surface-enhanced spectroscopy [6,17], but they are also difficult to resolve
numerically because the boundary density develops increasingly fine spatial scales as
the gap closes. The present work considers a two-dimensional local-dielectric model,
which represents cross-sections of infinitely long cylinders in the quasistatic limit. At
subnanometer gaps, nonlocal response and tunneling can be important [7,24]; the
smallest gaps used below should therefore be read as numerical stress tests of the
classical model rather than as quantitatively predictive nanostructures.

Boundary integral equations reduce the transmission problem to the particle
boundaries, but close interactions still require specialized discretization. Recursively
compressed inverse preconditioning (RCIP) combines local refinement with compres-
sion onto a coarse Nystrom grid [9]. The rapidly varying physical density is recovered
locally, whereas the transformed density is represented on the coarse grid. This sep-
aration is attractive for repeated solves because the costly gap resolution is confined
to small blocks. It does not, by itself, imply that the frequency-parametric solution
manifold has a prescribed Kolmogorov width; compressibility must be assessed from
the computed snapshots.

Reduced-basis methods replace repeated high-dimensional solves by projection
onto a space generated from selected high-fidelity solutions [12,19,21]. Reduced mod-
els for boundary integral and electromagnetic scattering formulations have been stud-
ied in, for example, [8,13,16]. The main difficulty here is that the RCIP compressed
inverse depends nonaffinely on the material contrast through a local recursion. Ap-
plying a projection without exposing this dependence would retain high-dimensional
work at each frequency.
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2 T. HU AND Z. GAN

This paper makes the following contributions for a fixed geometry and a fixed set
of output targets:

e We use the RCIP-transformed coarse-grid density as the reduced state and
distinguish snapshot-SVD diagnostics from residual-greedy basis construc-
tion.

e We express the parameter-dependent part of the compressed inverse through
explicit local restriction and extension matrices. This gives dimensionally
consistent reduced-operator assembly involving only precomputed global fac-
tors and small local RCIP blocks.

e We derive a complex-valued discrete residual indicator using Hermitian prod-
ucts. The indicator can be evaluated from a precomputed Gram factor and
used on a finite training set, but it is not a certified error bound without a
stability lower bound.

e We combine the reduced state with target-dependent product integration and
a wider local reconstruction, termed multi-layer RCIP (mRCIP), for targets
close to a gap.

The numerical section reports reduced-to-RCIP discrepancies for separately trained
two- and three-disk configurations. Geometry and target location are not treated as
online parameters, and no continuous-model error estimate is claimed.

Section 2 states the quasistatic boundary integral model and its RCIP discretiza-
tion. Section 3 presents the reduced-basis formulation, local assembly, and residual
indicator. Target evaluation and mRCIP are described in sections 4 and 5; numerical
results and limitations follow in sections 6 and 7.

2. Problem Formulation and the RCIP Method.

2.1. Quasistatic model for two disks. Consider a two-dimensional system
describing the plasmonic interaction between nearly-touching metallic nanoparticles,
governed by the following boundary value problem:

Ad(x) =0, X € RQ\F
O (x7)=d(xT), xel
X~ xt
(2.1) epaq)én ) = esaqign ), xel

<I>(x):on~x+O(ﬁ>, as  |x| = o0

Here x = (x,y) € R?, and I is the union of the boundaries of two disjoint disks
with radius » = 30 nm and separation d < r. The model is the two-dimensional
cross-section of infinitely long cylinders and neglects retardation. The surrounding
permittivity is e = 1, and the complex particle permittivity is e,. We use the
time convention E(x,t) = R{—V®(x) exp(—iwt)}, for which a passive material has
Imep(w) > 0. A uniform incident field Eg = (Ejy,0) is applied along the z-axis. The
origin is the midpoint of the gap, and v; (j = 1,2) denotes the closest point on disk
7; see Figure 1.

The metallic permittivity €, is parameterized by the frequency w based on the
Drude-Lorentz model:

2 N w? + iviwjw
(2.2) ep(w)zl—wiq—z 51 i %
w(w + iypwo) o W W) e

The disks are taken to be silver, with empirical fitting parameters from [23]. The
sweep is reported in terms of photon energy, fiw € [0.1,4.5] eV. Because the governing
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FiGc. 1. Two close disks with radius v and distance d. The permittivity of the disks is €p and
the surrounding medium is vacuum (es = 1). An incident field with intensity Eq is applied from the
x-direction.

equation is quasistatic and two-dimensional, the upper part of this interval should be
interpreted within that modeling approximation rather than as a full-wave prediction
for finite three-dimensional particles.

(2.1) can be recast into a boundary integral equation (BIE) formulated in terms
of an unknown single-layer density p(x):

G (x,y)

T 8nx

(2.3) p(x) 4 27 5‘%}(@ 7

p(y)dsy = —2X xel

where the material contrast parameter is defined as A\ = E”IZ"’. The 2D free-space

P
Green’s function for the Laplace equation is G(x,y) = —% log |x — y|, and @;,(x) =
—Ej - x represents the incident potential. We can further express the total potential
distribution ®(x) explicitly in terms of this single-layer potential as:

(24) B(x) = Bin(x) + /

G(x,y)p(y)dsy = —Eo - x + / G(x,y)p(y)dsy, x¢T
T

T

The physical quantities of interest include the potential field ® and the electric
field E, which is formulated as:

(2.5) E(x) = ~Vo(x) = B0 - V | Glxy)olydsy, x¢T
r
Since the target evaluation point x is located away from the boundary I', the

Green’s function G(x,y) exhibits no singularity. Consequently, the integral and the
gradient operator can be safely interchanged:

(2.0 E(x) = Bo— [ VaGlxy)ply)dsy, x#T

2.2. Well-posedness and geometric gap singularity. The boundary integral
equation (2.3) can be abstracted as the following operator equation:

(2.7) (I +AK)p(x) = A\g(x), xeT,
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4 T. HU AND Z. GAN

where [ is the identity operator and the integral operator K acts on the unknown
layer density p as:

IG(x,y
(28) (k) =2 [ 29V gy, xer.
r Nx
With the factor of two in this definition, K is the adjoint Neumann—Poincaré operator
in the normalization used here. Its natural setting is a subspace of H~/2(I") with the
componentwise charge modes removed,

(2.9) Hy(T) = {p e H-Y2(1) :/

pds = 0 for every boundary component Fj} .
Ly

For a fixed positive separation between smooth components, the symmetrized operator
is compact and self-adjoint in its energy pairing. After removal of the charge modes, its
relevant spectrum is real and contained in (—1, 1) under the present normalization [1,
3,4]. This statement depends on the function space and on the sign and normalization
conventions for the Green’s function.

Invertibility of I + AK requires —1/A to lie outside this spectrum. Recalling

ep(w) — €5
2.10 Mw)= 2225
(2.10) @)= e
passivity gives
1 2¢s Im e (w)
(2.11) Im (- ) =———P">0.
Aw)/) e = ep(w)]?

Thus —1/A(w) is nonreal and I + AK is invertible for every fixed d > 0 and every
frequency with strictly positive loss. This pointwise statement is not a uniform con-
ditioning estimate: the resolvent norm may still become large near a weakly damped
resonance or as the geometry degenerates.

Close-inclusion asymptotics provide a useful geometric benchmark. In high-
contrast limiting conductivity problems for two disks, the potential admits a decom-
position of the form [2,14,15]

(2.12) O (x) = ah(x) + b(x),

where h is generated by two logarithmic sources at the reflection fixed points,
1
(2.13) h(x) = %(ln\x—p1|—ln|x—p2\).

The focal-point distance from the gap center is O(v/rd), and ||V A/ scales like d~1/2.
In that limiting problem one obtains

(2.14) VD[ e = O (\a|d’1/2> . d—o.

The cited result is not, by itself, a proof of the same asymptotic law for a fixed lossy
Drude-Lorentz material. In the present problem the amplitude and even the effective
gap scaling depend on material contrast and loss [22]. We use the limiting result only
to motivate local refinement and do not invoke it in the reduced-basis error analysis.
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2.3. RCIP revisit. For each fixed d > 0, the boundary is smooth and disjoint,
so K is compact on the symmetrized space discussed above. The difficulty as d de-
creases is numerical rather than a loss of compactness at a fixed geometry: interactions
between facing boundary segments become sharply localized and increasingly difficult
to resolve.

For each physical gap g, let J, = J, _ U J, 4+ C I' be the union of the two facing
boundary patches. For configurations with several gaps, set J* = | 9 Jg and let x,
be its indicator. We define

(2.15) (K*p)(x) = 2xx(x) / X*(y)M

d K° =K — K*.
g o, p(y) dsy,

Thus K* contains the self- and cross-interactions of both sides of every selected gap.
If local neighborhoods overlap, their union is taken before the mask is applied so
that entries are not counted twice. This is a discretization-oriented splitting, not a
decomposition into noncompact and compact operators.

We then define a transformed density as:

(2.16) p(r) = (I + AK™)p(r).
Denoting the inverse operator (I + AK*)~! by R, the original problem is recast as:
(2.17) (I+AK°R)p(r) = Xg(r), rel.

The inverse R contains the local fine-scale correction associated with the chosen
split. RCIP approximates its action by a local recursion and compresses that action
onto the coarse grid. We write R(A) and R(A) for the continuous notation and its
discrete compressed representation, respectively; no spectral improvement theorem
for K°R is required below.

2.4. RCIP discretization on coarse and fine grids. The Nystrom-based
RCIP scheme introduces two underlying hierarchical meshes: a coarse mesh and a
fine mesh. The coarse mesh consists of uniform panels discretized via composite
Gauss-Legendre quadrature. A strict topological requirement is enforced such that
the nearly singular points «y; coincide exactly with the panel endpoints (junctions).
The four panels closest to v; (two on each side of the gap) are denoted by I'7*. The
fine mesh is subsequently generated from the coarse mesh by applying repeated dyadic
subdivisions specifically to the two panels closest to each 7;. The first row in Figure 5
provides an illustrative example of this mesh architecture.

Let I7,, and If, denote the coarse- and fine-grid nodes in these interaction neigh-
borhoods. The fine set contains the nodes introduced by recursive dyadic refinement,
whereas the coarse set contains the nodes on the original interaction panels. The
complementary index sets are IS, and Ig . Outside the refined neighborhoods the
two meshes use the same physical nodes. Their total sizes are Ny and Ngy.

The discrete local index set contains all quadrature nodes in J*, including the
facing patches on both sides of each gap. If P, is the diagonal projector onto this
union, the matrix splitting is

(2.18) K*=P,KP,, K°=K-K*

This definition retains the cross-gap entries of K*. Several local blocks may be pro-
cessed independently only when the corresponding off-block interactions have been
assigned consistently to K°.
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Discretizing (2.7) on the locally refined mesh gives
(2.19) (Iﬁn + MKfin) Pfin = Afin

The RCIP compression gives the corresponding coarse-grid system for the trans-
formed density:

(2.20) (Leoa + AKCoaR(A)) Peoa(N) = Agcoa-

The purpose of the transformation is to move the fine-scale response generated by
K™ into the compressed inverse. RCIP then represents p on the coarse grid while re-
solving the local inverse on nested fine panels. Piecewise smoothness of the computed
transformed density is an observed and intended property of the RCIP construction;
the adequacy of a particular coarse grid remains a discretization question and is not
implied solely by (2.17).

At the discrete level, R(\) approximates the action of the fine-grid inverse (Ig, +
MK} )71 after prolongation and weighted compression. The compression is high order
but not algebraically lossless. The local matrices are built by a forward recursion on
nested meshes and compressed to the coarse interaction panels. Supp. section SM3
summarizes this construction.

2.5. Empirical motivation for reducing the RCIP state. The original fine-
grid equation is affine in A, whereas the RCIP coarse-grid equation contains the non-
affine matrix R(\). The reason for reducing the latter is empirical rather than spec-
tral: the transformed density is resolved on a much smaller coarse grid and its snapshot
matrix is more compressible in the experiments reported here. Figure 2 compares the
singular values of the two snapshot matrices, and Figure 3 illustrates the different
local variation of the corresponding densities. These figures provide evidence for the
tested geometries; they do not establish a general rate for the Kolmogorov N-width.

107 (a) SVD of feoa(N) (b) SVD of psn(A) (ZCP)ORequired basis size n vs. distance d
I 5
o d=10"! nm d=10"! nm
; N
d=10"2 nm § d=10"2nm © 900 eﬁn(/\)
100 —o—d =10"% nm /=107 nm 5 —°—Pcoa()\)
g, ——d= 107 nm d=10"* nm :
% ——d=10"nm 10° d =10 nm % 150
g =10"¢ 3 — 10-6 q
S 155 d 107° nm IS d=10"° nm ey
"8 100
A=
10-10 o E 50
oo Or.r.
0 10 20 30 0 100 200 300 102 101 1076
n n d

Fi1G. 2. Normalized singular values of snapshot matrices for the physical density on the locally
refined grid and the RCIP-transformed density on the coarse grid. For the sampled frequencies and
geometries shown, the transformed-density snapshots exhibit faster decay. Because the two vectors
live on different discretizations, this comparison is a numerical compressibility diagnostic rather
than an equality of approximation errors in a common continuous norm.

3. RCIP-Based Reduced-Basis Approximation.

3.1. Fixed discrete space and Galerkin projection. Throughout this sec-
tion the geometry, coarse Nystrom grid, and RCIP splitting are fixed; A = A\(w) is the
only online parameter. We abbreviate N = N, and write (2.20) as

(3.1) ANBN) =b()), AN =I+AK°R(\), b)) =g
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a) 10g10(|Pcoa (A (b) logyo(lpan(A)])
0 20 2
= 0 1> 0 | 0
2 -20 7 N -2
-50 0 50

FIG. 3. Physical fine-grid density pgn and transformed coarse-grid density pcoa for d = 10™%
nm and photon energy hw = 3 eV. The plot illustrates the localization resolved by the RCIP trans-
formation; the two curves represent different discrete unknowns and are not compared pointwise as
approximations of the same function.

Set M = W,,, the positive diagonal coarse-grid quadrature matrix. The parameter-
independent inner product and norm are

(3.2) (0, v)p = u™™Mv, [v][m = (viMv)Y/2,

Because M is Hermitian positive definite and does not depend on A, (3.2) is a valid
inner product on CV. In contrast, u"W,,R()\)v is a useful output pairing in some
RCIP quadratures but is not, in general, an inner product: R(A) need not be Her-
mitian or positive definite.

For snapshots S = [p(\1),...,p(An.)], a weighted POD basis may be obtained
from

(3.3) MY/2s =Uuxvl e =MV2U(:;1:n), @'M®=1,.

This basis minimizes the summed M-norm projection error over the sampled snap-
shots, with minimum ) j>n 0]2. This finite-snapshot optimality does not imply a
decay rate for the Kolmogorov n-width of the continuous solution manifold. In the
residual-greedy construction used below, the columns of ® instead span selected snap-
shots and are M-orthonormalized. Snapshot singular values are therefore used as a
compressibility diagnostic rather than as a definition of the greedy basis.

We approximate the transformed density by
(3.4) pu(N) = Be(N)
and impose the weighted Galerkin condition
(3.5) ®"M[b()\) — A(\)®c(N)] = 0.
The reduced system is
(3.6) A,(Nec(\) =b,(\), A,(\)=®"MAMN®, b,()\) =" Mg.

The matrices are complex and generally nonnormal. Invertibility of A(\) does not
imply uniform stability of A, ()\); the reduced matrix must be nonsingular on the
parameter set under consideration, and its conditioning should be monitored in com-
putation.

3.2. Parameter Decoupling of the RCIP Operator. Let I* = {i1,...,is}
be the fixed set of coarse-grid indices covered by the local RCIP blocks, and let
S, € {0,1}"*¢ be the corresponding extension matrix,

(3.7) (Se)ipe =1, sTs, =1,, P, =S,ST.
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Thus ST restricts a global vector to I*, and S, extends a local vector by zero. The
offline—online decomposition uses the following discrete locality property: there exists
a parameter-independent matrix Ry such that

(3.8) R()\) — Ry = P,[R(\) — R P,.
Equivalently,
(3.9) R(\) = Ry + S,.D(\)ST, D()\) = ST[R(\) — RS, € C™**.

When R()) is the identity outside the local blocks, one may set Rg = I and interpret

D()) as the local correction to the identity. Equation (3.8) is an explicit algebraic

assumption, not a consequence of sparsity alone. If it is enforced only approximately,

the omitted block must be retained as an additional operator-approximation error.
Define the parameter-independent quantities

(3.10) @®,=ST® H;=d"MK°R:®, G,=d'MK"S,, ==& Mg.

Substitution of (3.9) into (3.6) gives

(3.11) [A,(0) =1, + \Hy + G.D(\)®,],  b,()) = A]

All contractions involving the global grid are parameter independent. For a dense local
block, applying D()) to ®,, costs O(s?n) and completing the reduced contraction costs
O(sn?). These terms cannot in general be reduced to O(sn + n?) without additional
structure in D(A).

3.3. Discrete residual indicator and greedy basis construction. For a
reduced solution c(\), define the residual of the full discrete RCIP system by

(3.12) r,(A) =g — [T+ AK°R(\)]®c(N).
Set
(3.13) By =K°Ro®, F,=K°S,, z()\)=D\)&,.c()).

Introduce the parameter-independent residual basis

(3.14) B=[g, ® By, F,]cCN*? p=1+4+2n+s.
Then
(3.15) r,(\) = B¢, A=A —W)T —xeN)T —az(N)T]"

The Hermitian Gram identity is
(3.16) lrn(MRe = ¢ (BIMB)C(N).

Thus every transpose in a squared norm is a conjugate transpose, diagonal terms in-
volving A contain |A|2, and paired cross terms contain 2 Re(viiMvy,). Direct evaluation
of the squared Gram form can nevertheless lose relative accuracy through cancellation
when the residual is small. We therefore compute offline a column-pivoted weighted
QR factorization

(3.17) M/2BII = QT, QiQ =1,
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where IT is a permutation matrix. No column truncation is made in the following
identity; a numerical-rank truncation would introduce an additional approximation.
It follows that

(3.18) £ (V) l[ve = [ITTITC(A)]-

For A # 0, the relative residual indicator is
ITIITC(A)[|2

3.19 res(A) = .

(3.19) el = [\ (g Mg) /2

Equations (3.18)—(3.19) evaluate the residual of the discrete RCIP system, up to
floating-point error and subject to the locality assumption (3.8).
The residual is not a certified state-error estimator. Indeed, with e, = p — py,

(3.20) ANe,(N) =rn(N),
and, defining
(3.21) BM(A) = Oumin (MZANM /),
one obtains

([T (A) || vt
(3.22) len(N)]lm < ﬁTO\)

No computable uniform lower bound for Sy is supplied here. Near a weakly damped
resonance, a small residual therefore need not imply a proportionally small state or
output error.
We use 1,05 to drive basis enrichment on a finite training set Z¢;a;n. The construc-

tion is:

1. Select an initial A\ € Zi;ain, compute one RCIP snapshot, and normalize it

in the M-norm.
2. At iteration k, solve (3.11) and evaluate (3.19) for every A € Egyain.
3. Choose

(3.23) Ai+1 € arg max fyes ().
A€Etrain
4. If the maximum indicator is below the prescribed residual tolerance, termi-
nate. Otherwise compute the RCIP snapshot at Aiy1, enrich the space using
reorthogonalized M-weighted modified Gram—Schmidt, and update the offline
quantities.
The stopping criterion controls only the discrete residual on Z,,i,. It does not certify
the error between training parameters, the RCIP discretization error, or the error
in a physical output. Any tendency of selected frequencies to cluster near resonant
features is a numerical observation, not a property implied by the greedy construction.

4. Output Functionals: Efficient Evaluation of Potential and Field En-
hancement. The reduced state is useful only if the required layer potentials can
also be evaluated without reconstructing a global fine-grid density. We distinguish
fixed targets that are far from the boundary, close to a smooth panel, or close to
a locally refined gap. Target-dependent factors may be precomputed for prescribed
observation points; a new target requires construction of a new quadrature row or
direct layer-potential evaluation.



317
318
319
320
321

323
324
325
32¢
327

\|

328

346
347
348
349

W W W W W W
ot Ot Ot Ot Ut
TG W N = O

ot

10 T. HU AND Z. GAN

4.1. Product integration. Near-boundary evaluation is difficult because the
layer-potential kernels are nearly singular even when the target is not on I'. We use
panelwise product integration following [5,11]. Let y; : [-1,1] — A; C T be the

actual curved-panel parametrization and let J;(t) = |y’ (t)|. The scalar single-layer
contribution is

1
(4.1) Iy,;(z) = /1G(Zan(t))P(Yj(t))Jj(t) dt.

The corresponding field contribution is obtained by replacing G with V,G. This real-
arclength representation is used consistently below; no factor dr = inds is introduced
into the physical single-layer density.

For the reported discretization, every panel has ¢ = 22 Gauss—Legendre nodes t,.
Let V; € R7%9, (V) k41 = t&, and interpolate the density on panel j as

q—1
(4.2) ply;(t) =Y at",  a;=Vilp;
k=0

For a fixed target, define the curved-panel moment row and field-moment matrix by

1
(43)  (myj)en = / Gy, ()5, 0) dn,
1

(4.4) (Mg ;). k41 = /1 V.G(z,y;(t)tFJ;(t)dt,  k=0,....,¢— 1.

Then
(45) IUJ(Z) =~ mU,jVj’lpj, IE’J‘(Z) =~ ME’jV;lpj.

For well-separated targets these weights reduce to ordinary Gauss—Legendre quad-
rature. For close targets they are evaluated with the singularity-subtraction and
branch-consistent recurrences of [5,11]. The Jacobian J; and the curved map y;
remain in the pulled-back integral; replacing them by the endpoint chord would be
valid only for a straight panel. Supp. section SM2 records the canonical Cauchy and
logarithmic moments used as building blocks.

4.2. Field evaluation for different targets. For a fixed target z, let Fy(z)
and F (z) denote the discrete potential and field layer-potential operators. The latter
has two rows unless the two field components are encoded by one complex number.
With p,, = ®c()), the total reduced potential and field are

(4.6) D,,(2;\) = Din(z) + Fu(z)R(N\)®c(N),
(4.7) E,.(z;\) = Eg — Fg(z)R(\)®c()).
The field enhancement 7, = ||E,||2/||Eol/2 is a nonlinear postprocessing quantity,

not a linear functional of the density. Supp. section SM6 derives the discrete duality
pairing that contains R(\). The quadrature treatment depends on the target location
(see Figure 4):
1. Type 1 and 2 targets: Standard coarse-grid quadrature is used away from
the boundary, and product integration is used near a smooth panel away from
a gap.
2. Type 3 targets: A local backward RCIP recursion reconstructs the phys-
ical density on the refined gap panels before product integration; see Supp.
section SM5. Only the local part is reconstructed.
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(a) Separation of boundary (b) 3 types of targets

Type 2

X

Fic. 4. Separation of boundary for product integration and three different types of targets that
require distinct numerical treatments during integration.

4.3. Potential for targets of Type 1 and 2. The layer-potential contribution
at a fixed Type 1 or 2 target has the form

(48) Fl(]l)( Pcoa; )\) F;J)coaR()\)ﬁCOa = Fg?coaR(/\)(I)cA7 1= 17 2.

where FgJ)coa C™ N is the target-dependent quadrature row. In the panelwise
product- mtegration notation,

(49) Fg,)coa Ing,)l\/'l_1 e mEJl)N Vlifl] ’ NP = N/q

Here mg?j is the curved-panel moment row in (4.4) for target i. This block assembly
avoids interpreting one ¢ X ¢ Vandermonde matrix as a global operator.

Using (3.9), the reduced layer-potential contribution is

(4.10) Fi JRN\)®c(\) =FJ Re®c(\) +FY. S, DN)@.c(N).
offline offline

For a prescribed target, all global-grid factors in (4.10) are precomputed. The total

potential is obtained by adding ®;, as in (4.7). Changing the target changes ng)coa
and therefore requires new target-specific setup.

4.4. Field enhancement for targets of Type 3. For a Type 3 target, the
field layer-potential term is evaluated from the locally reconstructed physical density:

(4.11) F (2)ptnn (V).

The target-dependent field integration matrix on the refined mesh is

(4.12) Fg}ﬁn:[ M, Vit M Vi,

me j| € (CQXme Nl?n = Nﬁn/q
Each M(3 € C2?X4 is defined by (4.4); its two rows correspond to the Cartesian
componentﬁ of V.G. The same definition applies if the implementation stores these
components in an equivalent complex encoding.
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Let So.con and Se gn inject the coincident nonlocal nodes on the coarse and fine
meshes, and let S, con and S, g, inject the corresponding local nodes. The backward
recursion in Supp. section SM5 defines a local map Pj ., giving

(4.13) Prinn(A) = So.inSe c0a®C(A) + S inPax Sy con PC(N).

The first term in (4.13) is parameter independent apart from c(\) and can be con-
tracted with Fg’)ﬁn offline. The second term requires a parameter-dependent local
backward recursion. Its cost depends on the local refinement depth and local block
size, even though it does not involve the global coarse-grid dimension. The incident
field is added before forming the nonlinear enhancement in (4.7).

4.5. Operation counts. Let Cg(s,nsup; A) denote the work required to con-
struct the local correction D(A) by the forward RCIP recursion, and let Cp(s, nsub; A)
denote the local backward-reconstruction work. These quantities remain part of ev-
ery query. In an implementation that factors dense blocks of size proportional to s
at each level, Cr and Cp typically contain terms proportional to ne.ps®, but their
precise constants depend on the local panel topology.

For a fixed final basis and a dense representation of K°, global preprocessing
includes O(N?n) work to form K°Ro® and up to O(Np?) work for the weighted
residual factorization, where p = 1 4+ 2n + s. Each selected snapshot additionally
requires a high-fidelity RCIP solve. These costs may be reduced by a fast matrix—
vector product, but no such acceleration is assumed here.

For one new frequency, reduced assembly and solution cost

4.14 Cr(8, ngup; \) + O(s*n + sn? +n?).
(

Evaluating the QR residual indicator adds at most O(p?) work. A fixed Type 1 or
2 output requires only local and reduced contractions once its target row has been
constructed. A Type 3 output additionally incurs Cp and integration over the locally
refined nodes. Consequently, for fixed s and fixed recursion settings, the post-offline
algebra contains no operations on the global coarse grid. It is not independent of
Nsub, and a new geometry or target requires new offline quantities. The principal
per-query terms are summarized in Table 1. The counts describe algebraic work only;
the present manuscript does not report measured wall-clock timings.

TABLE 1
Leading algebraic costs per frequency for dense full-order operators. Here kg, and kg are
iteration counts for the corresponding full systems, Ng  is the number of locally refined nodes used
for a Type 3 output, and target rows are assumed fixed.

Method Local RCIP setup Linear solve/assembly Type 1-2 output Type 3 output

Locally refined system — O(kanNZ,) O(Ngn) O(Ngyn)

Standard RCIP Cr O(kyN?) O(N) Cp+O(N + Nz,
RCIP reduced basis Cr O(s*n + sn? +n3) O(s2+sn+n) Cp+O(NE, +sn+n)

The N2 terms in Table 1 are dense matrix—vector products per iteration. Fast
summation could change those terms, so the table should not be read as a timing
comparison with optimized full-order solvers.

5. Multi-layer RCIP (mRCIP) for Field Evaluation at Extreme Prox-
imity. Standard RCIP uses a narrow self-similar refinement hierarchy around each
difficult boundary junction [10]. In the calculations at the gap center, the reported



427
128
129
130
431

132
433
434
135
136
137

RCIP-BASED REDUCED-BASIS MODELING 13

output discrepancy deteriorates for the smallest gaps when this standard hierarchy is
used; see Figure 8. The observation is consistent with insufficient resolution in the
local backward reconstruction and product integration, although the present experi-
ments do not separate all sources of high-fidelity discretization error.

We therefore test a wider local hierarchy, termed multi-layer RCIP (mRCIP). A
layer-power parameter I, controls the lateral span of panels refined at each recur-
sion level. This changes the local discretization and reconstruction only; it is not
accompanied here by an a priori error estimate.

In the standard construction used here, ng,, controls the recursion depth and
l, = 2. Increasing [, widens the set of panels included in each local level; the topology
for I, = 3 is shown in Figure 5. The supplementary material gives a selection-matrix
description that allows the panel and node ordering to depend on the chosen local
topology.

Local refined mesh in RCIP (1,=2)

206 ] 206 D 206 )]
10 10 10
0 0 0
-10 -10 -10
20 -20 b 20, \
50 5 50 5 50 5

Local refined mesh in mRCIP (,=3)
206 20 D 20¢

10 10 10

-10 -10 -10

-20, 20, L 20,

O

F1Gc. 5. Local hierarchical meshes used by standard RCIP (I, = 2) and the wider mRCIP
variant. Increasing lp enlarges the group of panels refined at each level and hence the local block
size.

The selection-matrix formulation in subsection 3.2 also applies to the wider hi-
erarchy after enlarging I* and s. The global-grid contractions remain offline, but
CRr, Cp, and the local reduced contractions all increase with the block size. Figure 8
reports the observed difference between [, = 2 and [, = 3 at the gap center; the value
of I, is stated for subsequent Type 3 calculations.

6. Numerical Results. The baseline test uses two silver disks of radius r = 30
nm and photon energies hw € [0.1,4.5] eV. No wall-clock measurements are reported,
so this section assesses approximation behavior rather than measured speed.

Implementation-status note.. The fixed-M projection, explicit locality identity,
and Hermitian QR residual in section 3 correct formulas used in an earlier version
of the manuscript. The existing numerical files must therefore be regenerated, or



138
439
440
441
442
143
144
445
446
447
448
149
450
451
452
453
154

455
456
457
458
459
460

461
162
463
464
465
466
467
168

14 T. HU AND Z. GAN

independently shown to be unchanged, using the revised implementation before sub-
mission. Until that consistency check is complete, the plots below document the scope
and outcomes of the legacy calculations but do not validate every algebraic step of
the revised formulation.

Scope of the comparisons.. Let up denote the solution produced by the designated
RCIP discretization and u,, its reduced approximation. Unless stated otherwise, a
reported error is a discrete ROM-to-RCIP discrepancy for the same geometry, sam-
pled frequency, and target. It isolates reduction and output-evaluation differences but
does not estimate the error of the RCIP solution relative to the continuous bound-
ary integral equation. Where two RCIP reconstruction strategies are compared, the
plotted discrepancy is relative to the reference calculation used for that comparison.

A separate basis and separate offline operators are constructed for each gap dis-
tance and disk configuration. The gap, radii, particle positions, and prescribed ob-
servation targets are therefore not online parameters. The residual-greedy search is
evaluated on a finite set of 400 frequencies and supplies no guarantee between those
samples. Finally, the smallest gaps are numerical stress tests of the two-dimensional
local-dielectric model, not physically complete subnanometer predictions.

6.1. Observed basis-size dependence and Type 1-2 outputs. Figure 6
shows the transformed-density and potential discrepancies as the reduced dimension
increases for one fixed geometry and two prescribed targets. The curves decrease
rapidly over the displayed range and reach approximately 10710 at n = 20 in this
test. This is numerical evidence of snapshot compressibility for the sampled problem;
it is not a proof of exponential convergence or of a Kolmogorov-width decay rate.

Evaluation of coarse Evaluation of U Evaluation of U

grid density peoq . Targets of type 1 . Targets of type 2
] 10 10
g 10° = 10° o 107

L\US &GQ E\\U“
10 10 10 10-10
10 o——>0 ¢
0 10 20 0 10 20 0 10 20
n n n

FIG. 6. Basis-size dependence for d = 10~% nm and r = 30 nm. Targets are 25—5i (Type 1) and
—51.5085 4 21.5179% (Type 2). The plotted quantities are relative Euclidean discrepancies between
the reduced and designated RCIP results: €f; = ||[Un — Un|l2/[|Unll2 and €, = [|pn — Prll2/||or |2

6.2. Observed effect of multi-layer RCIP. Figure 7 compares the pointwise
potential discrepancies produced by the standard hierarchy (I, = 2) and the wider
hierarchy (I, = 5) on the same 500 x 500 target grid. In this test, the wider hierarchy
substantially reduces the localized discrepancy near the closest boundary points. The
circular transition at radius 10 nm is the prescribed switch to the Type 3 evaluation
rule and is therefore an algorithmic feature, not a physical interface. Because the
comparison is against a discrete reference calculation, it does not establish an absolute
error bound for mRCIP.
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RCIP for RCIP for
logy error in Potential log, error in Potential
(Real Part) (Imaginary Part)
-50 2 -50 )
0 0
2 -2
= 0 4 > 0 -4
-6
-6
-8
8 -10
50 50
-50 0 50 -50 0 50
x T
mRCIP (1,=5) for mRCIP (I,=5) for
log error in Potential log,, error in Potential
(Real Part) (Imaginary Part)

-10
-11
-12
>
0 -13
-14
-15
-15
50

Fic. 7. Pointwise absolute potential discrepancy at photon energy hw = 2.4 eV for r = 30 nm
and d = 10~% nm, relative to the reference calculation used in this comparison. Top: standard RCIP
(Ip = 2). Bottom: mRCIP (I, = 5). Each disk has 80 coarse panels with ¢ = 22 Gauss—Legendre
nodes per panel, and the target grid is 500 x 500. The circle of radius 10 nm marks the prescribed
switch to Type 3 evaluation.

Field enhancement Relative error in field enhancement

108

- = —lp=2,d = 1e-03 10° - = —lp=2,d = 1e-03
= = ~Ip=2,d = 1le-04

10°

w 10-5

10-10 \\

10-15

F1c. 8. Field enhancement at the gap center for standard RCIP (I, = 2) and mRCIP (I, = 3),
evaluated at the plotted frequency samples. The curves show the observed sensitivity of the Type 3
output to the local reconstruction width for small gaps.
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6.3. Residual-greedy behavior on the training set. Figure 9 reports the
residual indicator, selected snapshot frequencies, and transformed-state discrepancies
on the 400-point training set.

(a) Convergence of greedy algorithm (b) Selected snapshots (c) Error in parameter space
10°

——d=10" nm
——d=10"nm
——d=10"% nm

d=10"" nm

—o—d=10"" nm
—o—d=10"% nm
—o—d =10"% nm

d=10"" nm
—o—d=10"" nm
—o—d=10"% nm

——d=10"" nm
——d=10"nm
o sclected snapshots

100

Fic. 9. Working-draft residual-greedy results on the finite training set. Panel (a) was gen-
erated with the legacy residual expression and must be regenerated using (3.18) and (3.19); it is
not evidence for the revised indicator. Panels (b)—(c) show the legacy selected frequencies and cor-
responding ROM-to-RCIP transformed-state discrepancies and must likewise be checked after the
implementation is reconciled with section 3.

In the legacy panel (a), the plotted quantity decreases by several orders of mag-
nitude and then plateaus near 10~7-10~8 for the displayed cases. Because that panel
did not use (3.18), no quantitative conclusion about the revised residual indicator is
drawn from the plateau.

The legacy panel (b) places several selected frequencies near prominent resonant
features, and panel (c¢) reports small state discrepancies at the sampled frequencies.
These observations may change when the fixed-M projection and corrected residual
are used. Even after regeneration, 7. is not divided by a verified stability lower
bound, so agreement between residual and state-error trends would remain empirical
rather than certified.

6.4. Frequency-sweep comparisons for fixed dimer geometries. For each
gap distance, the residual-greedy construction uses 400 frequency samples and stops
when the residual tolerance is reached or when n = 20. In the displayed tests the
dimension cap is reached. The models for different gaps are trained separately.

Figure 10 compares the reduced and RCIP field enhancements at the sampled
frequencies for gaps from 107! to 107® nm. The reduced curves resolve the displayed
resonant features, and the plotted relative discrepancies are below 1075 at most sam-
ples. This observation does not establish a uniform error over the interval. The
d = 1075 nm case is included only as a stress test of the local-dielectric discretization
and reduction; tunneling and nonlocal effects are outside the model [7,24].

6.5. A fixed asymmetric-dimer test case. We next consider two silver disks
with radii 71 = 30 nm and ro = 20 nm. A separate reduced model is constructed for
every gap shown in Figure 12. The reduced curves follow the RCIP reference values
at the plotted frequency samples; this test examines one family of asymmetric dimers
and does not imply geometry-parametric accuracy.

The spatial potential for fiw = 2.5 eV and d = 10~* nm is shown in Figure 13. On
the displayed target grid, the reported pointwise ROM-to-RCIP absolute discrepancy
is below 1078, This is evidence for the stated fixed geometry only.
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Field enhancement Relative error in field enhancement
———d = 1.00e-01 —d = 1.00e-01, I, = 3
106 ——d = 1.00e-02,
| S ———d = 1.00e-03,
d = 1.00e-04 d = 1.00e-04,
. ———d = 1.00e-05 10-5 ———d = 1.00e-05, 1, = 3
10° ———d = 1.00e-06 ———d = 1.00e-06, [, = 4

3| W0 .
Sla w
s
—103

10°

10!

05 1 15 2 25 3 35 4 45 05 1 15 2 25 3 35 4 45
w w

Fic. 10. Field enhancement at (0,0) and ROM-to-RCIP relative discrepancy for separately
trained fized-gap models with n = 20. The layer power I, is chosen separately for the displayed gap
cases; no automatic selection rule or a priori output-error bound is used.

Potential Distribution

Potential Distribution
(Imaginary Part)

(Real Part)

-50
15
10
10
5
> 0 0 > 0 0
-5
10
-10
15
50 50 -20
-50 0 50 -50 50

Fic. 11. Real and tmaginary parts of the potential for two silver disks of radius 30 nm with
d=10"* nm, Eg = (1,0), and hw = 2.4 eV. The designated RCIP calculation uses 80 panels per
disk, ¢ = 22 Gauss—Legendre nodes per panel, and l, = 5. The plotted ROM-to-RCIP pointwise

relative discrepancy is below 10~ on the target grid.

Field enhancement Relative error in field enhancement

———d = 1.00e-01, [, = 3
——d = 1.00e-02, I, = 3
00e-03 108 ———d = 1.00e-03, [, = 3
00e-04 d = 1.00e-04, 1, = 3
00e-05 ———d = 1.00e-05, I, = 4
———d = 1.00e-06, [, = 4

———d = 1.00e-01

10°

———d = 1.00e-06

10°

Fic. 12. Field enhancement at (0,0) for separately trained asymmetric-dimer models with
r1 = 30 nm and ro = 20 nm. The case d = 10~° nm uses lp =4
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Potential Distribution Potential Distribution
(Real Part) (Imaginary Part)

-40

-20
20 10
15
S0
10 0
5 20
10
0
40
-40 -20 0 20
T xT

Fi1c. 13. Real and imaginary parts of the potential for two asymmetric silver disks (r1 = 30
nm, ro = 20 nm) with d = 10™% nm, Eg = (1,0), and hw = 2.5 eV. The plotted pointwise absolute
discrepancy is relative to the designated RCIP result.

6.6. Fixed three-disk test cases. We finally apply the fixed-geometry con-
struction to two configurations of three silver disks with » = 30 nm and nominal gap
d = 0.25 nm.

The local index set is the union of the nodes associated with all close gaps.
The local correction D(A) need not be block diagonal when gap neighborhoods or
their interactions couple; the selection-matrix derivation requires only (3.8). Its cost
grows with the combined local dimension s, so two trimer examples do not establish
asymptotic many-particle scalability.

The first configuration places the disks at the vertices of an equilateral triangle
and evaluates the field at the origin. The second rotates the third disk by 80° and is
trained independently.

For the symmetric configuration, the reduced and RCIP curves are visually indis-
tinguishable at the plotted samples for n = 16, and the reported relative discrepancy
is below 107! there; see Figure 14.

(c) Relative error in

(a) Geometry Configuration (b) Field enhancement field enhancement
107!

5 © 10588

104
— High-fidelity (RCIP)
- - ROM (n = 16)
| 1 | -] | | |
2 2.5 3 1.5 2 2.5 3
w w

Fic. 14. Symmetric three-disk test. (a) Three identical disks form an equilateral triangle with
r =30 nm and d = 0.25 nm. (b) RCIP and reduced-basis field enhancement at the origin for the
sampled frequencies. (c) Corresponding ROM-to-RCIP relative discrepancy for n = 16.

For the rotated configuration, a separately trained basis of dimension n = 20
gives a reported ROM-to-RCIP field-enhancement discrepancy of order 10710 at the
plotted samples; see Figure 15. The altered spectrum is consistent with a different
collective response, but a modal interpretation is not developed here.
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(c) Relative error in

(a) Geometry Configuration (b) Field enhancement field enhancement
0

1071

1013 -.

— High-fidelity (RCIP) 1o
- - ROM (n = 20)

1.5 2 2.5 3 10 1.5 2 2.5 3
w w

Fic. 15. Asymmetric three-disk test. (a) The third disk is rotated by 80°. (b) RCIP and
reduced-basis field enhancement at the origin for the sampled frequencies. (c¢) Corresponding ROM-
to-RCIP relative discrepancy for n = 20.

7. Conclusion and Outlook. We have developed an RCIP-based reduced-basis
formulation for repeated frequency-domain solutions of a two-dimensional quasistatic
transmission problem with nearly touching disks. The reduced state is the trans-
formed coarse-grid density. For each fixed geometry, the frequency-dependent part
of the compressed inverse is represented through local gap indices, which separates
global parameter-independent contractions from a local RCIP recursion. The same
structure supports weighted Galerkin assembly, a complex discrete residual indica-
tor, and target-specific layer-potential evaluation. A wider local hierarchy is used for
prescribed targets close to a gap.

The reported calculations show rapid decay of transformed-density snapshot sin-
gular values and small ROM-to-RCIP discrepancies on the sampled frequency sets.
Similar behavior is observed for the tested symmetric dimer, asymmetric dimer, and
two three-disk configurations. These examples support the use of local RCIP structure
in reduced frequency sweeps. They do not establish uniform accuracy on a continuous
frequency interval, geometry-independent approximation properties, or asymptotic
scalability with particle count.

Several limitations define the present scope. First, the residual indicator is not
a certified error estimator because no computable lower bound for Syi(A) has been
derived near resonance. Second, the reported discrepancies are relative to designated
RCIP calculations; the full-order discretization error is not assessed separately. Third,
the existing numerical files predate the fixed-M and Hermitian-QR reformulation and
must be reconciled with it before submission. Fourth, each geometry, gap distance,
and target setup requires its own reduced model or offline output construction, and
the local mRCIP width is selected empirically. Finally, the analysis and experiments
use a two-dimensional classical quasistatic model, and the smallest gaps serve only as
numerical stress tests.

Natural next steps are an independent RCIP convergence and timing study, verifi-
cation of the local selection-matrix identity and QR residual against directly assembled
vectors, estimation of parameter-dependent stability constants, systematic analysis of
l,, and extension to geometry-parametric and three-dimensional formulations.
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