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ABSTRACT: Dielectrically confined Coulomb systems are widely employed in molecular dynamics (MD) simulations. Despite
extensive efforts in developing efficient and accurate algorithms for these systems, rigorous and accurate error estimates, which are
crucial for optimal parameter selection for simulations, are still lacking. In this work, we present a rigorous error analysis in Ewald
summation for electrostatic interactions in systems with two dielectric planar interfaces, where the polarization contribution is
modeled by an infinitely reflected image charge series. An accurate error estimate is provided for the truncation error of image charge
series, as well as decay rates of energy and force correction terms, as functions of system parameters such as vacuum layer thickness,
dielectric permittivity, and image truncation levels. Extensive numerical tests conducted across several prototypical parameter
settings validate our theoretical predictions. Additionally, our analysis elucidates the nonmonotonic error convergence behavior
observed in previous numerical studies. Finally, we provide an optimal parameter selection strategy derived from our theoretical
insights, offering practical guidance for efficient and accurate MD simulations of dielectric-confined systems.

1. INTRODUCTION
Quasi-two-dimensional (quasi-2D) systems,1 which are macro-
scopic in xy dimensions but confined in z, have attracted
significant attention across various scientific and engineering
fields. Due to confinement effects, the collective behavior of
atoms and molecules can differ substantially from that in bulk
materials, resulting in intriguing phenomena such as the
formation of graphene,2 metal dichalcogenide monolayers,3

and colloidal monolayers.4 Among quasi-2D systems, charged
particles confined by materials with different dielectric
constants are of particular interest. The so-called dielectric
conf inement ef fect can further lead to inhomogeneous screen-
ing, as compared to bulk systems, or even broken symmetries
near interfaces.5−7 These effects are crucial in a wide range of
applications, including the behavior of water, electrolytes, and
ionic liquids confined within thin films,8 ion transport in
nanochannels,9 and the self-assembly of colloidal and polymer
monolayers.10

Over the past few decades, efficient and accurate simulations
of dielectric-confined quasi-2D systems has remained a
significant challenge. A common approach is by combining
the image charge method (ICM),11,12 where the polarization
effects induced by dielectric planar interfaces are modeled
through an infinite series of reflected image charges in
homogeneous space. Specifically, this approach truncates the
infinitely reflected image charge series along the z-direction to
a finite number of reflection layers. This reduction transforms
the original dielectrically inhomogeneous system into a
homogeneous one, albeit with an expanded dimension in z.
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The remaining computational tasks can be effectively handled
using the Ewald2D summation method.13,14 While concep-
tually straightforward, this ICM-Ewald2D approach is
computationally inefficient due to its O(N2) complexity.
Several alternative approaches have been developed over
recent years, including the fast Fourier-Chebyshev spectral
method,15,16 the harmonic surface mapping method,17,18 the
random batch Ewald method,19 and boundary element
methods.20,21 When combined with the fast multipole method
(FMM),22,23 the fast Fourier-Chebyshev transform,24 or
random batch importance sampling,25 these methods can
achieve computational complexities of O(N log N) or even
O(N).

Among existing approaches, a popular technique involves
first approximating the exact Ewald2D summation using 3D
Ewald summation. Then, to eliminate unwanted contributions
from periodic replicas along the z-axis, correction terms such as
the Yeh-Berkowitz (YB) correction26,27 and the electric layer
correction (ELC)28,29 have been introduced. Its advantages
include: (a) the use of 3D fast Fourier transform (FFT) to
achieve O(N log N) computational complexity;30,31 (b) the
straightforward incorporation of polarization contributions via
image charges, as demonstrated in methods such as ICM-
ELC,29 ICM-Ewald3D,27 ICM-PPPM,30 and RBE2D;19 and
(c) the minimal modifications needed to integrate these quasi-
2D electrostatic solvers into mainstream software,32,33 where
3D periodic solvers have been extensively optimized.

The aforementioned methods have been widely employed in
molecular dynamics (MD) simulations of dielectric-confined
systems. It is noteworthy that, for the homogeneous case (i.e.,
without dielectric mismatch at planar interfaces), rigorous
error bounds have been established by Hu and his co-
workers.14,34 However, a rigorous and accurate error analysis of
the correction terms, particularly concerning their dependence
on numerical parameters such as image truncation levels,
dielectric permittivity, and vacuum layer thickness, remains
elusive. Consequently, a systematic framework for optimal
parameter selection in MD simulations of dielectric-confined
systems is still absent, limiting both accuracy control and
practical efficiency.

In fact, the absence of comprehensive error analysis has led
to seemingly conflicting conclusions derived solely from
numerical tests. For instance, dos Santos and Levin27 suggest
that approximately 50 image reflection layers are necessary to
achieve satisfactory accuracy, whereas Yuan et al.30 argue that
only 5 layers suffice. Moreover, it has been reported that an
excessive number of image reflection layers can lead to
counterintuitive losses in accuracy.30 This highlights the need
for rigorous error analysis to guide optimal parameter selection

strategies, thereby addressing the challenges in achieving
accurate and efficient MD simulations of dielectric-confined
systems.

In this work, we present rigorous and accurate error
estimations in Ewald summation for electrostatics of
dielectric-confined planar systems. First, the truncation error
of image charge series, together with the approximation of
Ewald2D by 3D Ewald summation formula, is analyzed
theoretically and validated by extensive numerical tests.
Additionally, our theoretical error estimates establish a direct
connection to the YB and ELC correction terms, which
extends Hu’s work14,34 to inhomogeneous cases. This develop-
ment further leads to a systematic parameter optimization
scheme for existing ICM-based approaches, such as the ICM-
Ewald3D and ICM-PPPM methods. This is particularly
advantageous for MD simulations of strongly conf ined systems.

The subsequent sections of this paper are organized as
follows. Section 2 presents the electrostatic model for
dielectric-confined quasi-2D systems, revisiting the image
charge and Ewald summation methods. Section 3 analyzes
the truncation error of the image charge series and the error
associated with reformulating the Ewald2D summation into a
3D Ewald sum, both of which are carefully validated through
numerical tests. Section 4 provides a parameter selection
strategy based on the derived error estimations. Finally,
Section 5 summarizes the findings of this work.

2. MODEL AND METHODOLOGIES
2.1. Dielectric-Confined Quasi-2D Systems. Dielectric-

confined quasi-2D systems are three-dimensional models
characterized by double periodicity in the xy dimensions and
confinement by planar dielectric interfaces along the z-axis.
The characteristic length scale in the nonperiodic direction is
often significantly smaller than that in the periodic directions.
In what follows, we present the mathematical formulation of
the model, along with its analytical solution based on image
charges.

Consider two parallel dielectric interfaces positioned at z = 0
and z = H, dividing the entire 3D space 3 into three distinct
layers, as shown in Figure 1a. From top to bottom, these layers
are denoted as Ωu, Ωc, and Ωd, respectively. The central
simulation cell Ω ∈ Ωc has side lengths L = (Lx, Ly, H) and
contains N particles located at {ri}i = 1

N with charges {qi}i =1
N . The

total charge neutrality condition is assumed, i.e., ∑i = 1
N qi = 0.

The dielectric permittivity is a piecewise constant function,
defined as

Figure 1. A schematic illustration of the dielectric-confined quasi-2D charged system. The filled circles represent the charged particles confined
within the central simulation box, and the empty circles represent the image charges in the z-direction. Panel (a) depicts the original system with
polarizable interfaces, panel (b) represents the corresponding homogeneous system with image charges truncated at M = 2, and panel (c) illustrates
the system after the addition of a vacuum layer and periodization (the empty circles are omitted for clarity).
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where ϵu, ϵc, and ϵd are all positive constants, whose specific
values depend on materials properties inside each layer.
Dielectric contrasts for the upper and lower dielectric
interfaces are defined as follows:
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which are functions of the dielectric permittivity of the system.
The Green’s function G(r, r′), which describes the

electrostatic response at any target location r 3 due to a
point source charge located at r′ ∈ Ω, satisfies Poisson’s
equation with dielectric interface conditions:
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where Gn represents the normal derivative of G at planar
interfaces, and the subscripts “±” denote exterior and interior
limits, respectively. Due to the double periodicity in xy, the
total electrostatic energy U can be expressed as

r r LU q q G1
2
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m

m
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N

j

N

i j i j
1 1

= +
= = (4)

where Lm ≔ (mxLx,myLy,0) defines the quasi-2D periodic
lattice with m m m( , )x y

2= , and the prime notation ∑′
indicates that when i = j and mx = my = 0, the Green’s function
should be modified by
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so that the unwanted singular self-interaction is excluded in the
summation.

The computation of the Green’s function G, as defined by
eqs 3 and 5 is challenging. Among existing methodologies, the
ICM is frequently used to represent G. Specifically, due to the
presence of two dielectric planar interfaces, this approach
expresses G as an infinite series of reflected images:
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where l l l( )
d

/2
u

/2=+ , l l l( )
d

/2
u

/2= , r+
(l) = (x, y, z+

(l)), and
r−

(l) = (x, y, z−
(l)) are the scaling factors and positions of the l-th

level image charges. Here, the notation x x( ) represents the
“ceil” (“floor”) function. “+” and “−” indicate that the images
are located in Ωu and Ωd, respectively. Finally, the detailed
positions of the l-th level images along z-axis are given by

z z l H z z l H( 1) 2 /2 , ( 1) 2 /2l l l l( ) ( )= + =+ (7)

In practice, since all dielectric constants are positive, it follows
that |γu|, |γd| ≤ 1. This implies that the infinite image charge
series converges and can be truncated at the M-th level. An
example with M = 2 is shown in Figure 1b. Consequently, the
original dielectric-confined system can be approximated by a
homogeneous system augmented with M additional levels of
image charges in z, which can be readily solved using standard
methods for homogeneous quasi-2D systems.
2.2. ICM-Ewald2D Summation and Its Reformulation.

In this section, we first revisit the widely used “Ewald splitting”
technique,35 the Ewald2D summation for homogeneous quasi-
2D systems, and provide its extension to dielectric-confined
cases, i.e., the evaluation of eq 4. Then we introduce a
reformulation of the ICM-Ewald2D summation, enabling its
efficient computation accelerated via FFT, thereby reducing
the cost to O(N log N).

In the Ewald splitting, the Coulomb kernel is decomposed
into a sum of short-range and long-range components:

r
r

r
r

r
1 erfc( ) erf( )= +

(8)

where α > 0 is the splitting factor, the error function erf(x) is
defined as

x e duerf( )
2 x

u

0

2

(9)

and the complementary error function erfc(x) ≔ 1 − erf(x).
The advantage of Ewald splitting is clear: the short-range
component, although singular, decays rapidly and is thus well-
suited for real space computation, whereas the long-range
component, being smooth, can be efficiently handled in
reciprocal space.

By Ewald splitting, it has been shown that the quasi-2D
lattice sum for electrostatic energy U (without dielectric
interfaces) can be decomposed as U = Ureal + UFourier,
where13,14
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Here, h = 2π(nx/Lx,ny/Ly,0) denotes the reciprocal lattice
vector with n n,x y and h = |h|. The notation 1=
represents the imaginary unit, and the function ( , )· · is
defined as
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with the 0-th mode correction
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Equations 10−13 are the well-known exact Ewald2D
summation formulas.13,14
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Combined with the ICM, the Ewald2D summation can be
extended to accommodate for dielectric-confined systems. In
the ICM-Ewald2D summation,19 eqs 10 and 11 are modified as
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Here qj ±
(l) = γ±

(l)qj are the l-th layer image charge strengths (with
l = 0 terms indicating the original source charges), and the 0-th
mode correction term should be modified accordingly as
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q q z z( )c

x y i j

N

l

M

i j
l

i j
l

0
, 1 0

( ) 0 ( )= | |
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(16)

with z z z e( ) erf( ) ( ) z0 1 2 2
+ . Equations 14−16

integrate the well-established Ewald2D summation formu-
la13,14 for homogeneous systems with the ICM representation
to account for polarization contributions. The resulting ICM-
Ewald2D formula effectively performs a quasi-2D lattice
summation on a system augmented in z by a factor of 2M +
1. By selecting a sufficiently large M and setting the real space
and reciprocal space cutoffs as rc = s/α and kc = 2sα,
respectively, where s > 0 is a parameter, the error due to cutoffs
has been estimated as ∼O(e−s d

2

/s2),36 which decays rapidly as s
increases. However, the pairwise summation terms (over i and
j) in eqs 15 and 16 still lead to a computational complexity of
O(N2), requiring further acceleration techniques. A widely
used approach for acceleration is to reformulate the Ewald2D
summation into a triply periodic Ewald3D summation. It is
noteworthy that for homogeneous systems, such a reformula-
tion was rigorously established by Pan and Hu.34 In what
follows, we extend their approach to dielectric-confined
systems.

First, one can rewrite the function h z( , ) in eq 12 into an
integral form:
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and analogously,
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Discretizing the integrals in eqs 17 and 18 using the trapezoidal
rule with mesh size π/(αLz), where Lz > H is a parameter, and
substituting the discretized forms into eq 15 gives
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where k = 2π(nx/Lx,ny/Ly,nz/Lz) denotes the 3D periodic
lattice vector, and the structure factors ρk and ρ̃k

M are defined as

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑÑ

q e and

q e ( e e )

k
ik r

k
ik r ik r ik r

i

N

i

M

j

N

j
l

M
l l

1

1 1

( ) ( )

i

i j
l

j
l( ) ( )

+ +

=

·

=

·

=
+

· ·+

(20)

On the RHS of eq 19, the first two terms resemble the
standard Ewald3D summation (with added vacuum layer in z),
where the second term accounts for the self-energy correction.
This transformation is equivalent to introducing a vacuum
layer in the z-direction, followed by the periodization of the
resulting system in z, as depicted in Figure 1c. In this context,
the first two terms in eq 19 represent the sum of the energies
of particles within the central box.

The remaining terms provide the additional components
required to correct Ewald3D back to Ewald2D:

i
k
jjjjjj

y
{
zzzzzz

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ
U

L L L
q z q z z z2

( )M

x y z i

N

i i
j

N

j j
l

M
l

j
l l

j
l

YB
1 1 1

( ) ( ) ( ) ( )+ +
= = =

+ +

(21)

U
L L

q q e
h

hz z z

e
2 cosh( ) ( , )

1h

h r
M

x y i j

N

i j
ij

M
i j

hL
0

ELC
, 1

ELCij

z

+

=

·

(22)

where z z( , )M
i jELC is defined as
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The terms in eqs 21 and 22 correspond to the ICM-YB30 and
ICM-ELC29 corrections, respectively. The remainder term,
Utrap

M , emerges from the error introduced by trapezoidal
discretization. The integrand in eq 17 contains two simple
poles at t = ±ih/(2α), allowing for the estimation of
discretization error using contour integral techniques.37

Additionally, the integrand in eq 18 is smooth, ensuring
spectral convergence of the discretization. By applying an
analysis analogous to that of Pan and Hu,34 we obtain |Utrap

M | ∼
e−α d

2(Lz−H)d

2

, which becomes negligible for Lz ≫ H.
In practical computations, the first term in eq 19 can be

efficiently calculated using fast algorithms such as the FFT,30

the periodic FMM,38 and the random batch importance
sampling,39 achieving computational complexities of O(N
logN) or O(N). Note that the ICM-YB correction term UYB

M

can be directly computed with a cost of O(N), and the
remainder term Utrap

M can be eliminated by appropriately
choosing Lz. This parameter selection strategy is employed in
the recently proposed ICM-Ewald3D27 and ICM-PPPM30

methods. However, it is important to note that this approach
overlooks the influence of the ICM-ELC correction term UELC

M ,
which may introduce significant errors. Additionally, a rigorous
estimate of the image truncation error is also absent in existing
works. In this study, we address and unify both sources of
error.

3. ERROR ANALYSIS AND NUMERICAL VALIDATIONS
In this section, we present a comprehensive error analysis for
both energy and force calculations, addressing the truncation
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error of the image charge series and the errors arising from the
reformulation of the ICM-Ewald2D summation. We also
perform extensive numerical experiments to validate our error
analysis. We will mainly focus on force-related results in the
main text if not otherwise specified, while energy-related
findings are provided in Section 1 of the Supporting
Information (SI). The discussions are separated into two
parts: in the first three sections, we analyze the decay rates of
various error components as functions of the system geometry,
which are independent of the charge distribution; in the last
section, we explore how the distribution of charges affects
these errors.

It is also important to note that in practical computations,
the use of FFT can introduce additional errors due to particle
spreading onto the uniform grid and the finite resolution of the
grid. Since these error sources have been thoroughly analyzed
in the literature40−45 and are separable from the error
discussed in this work, we refer interested readers to these
works for more details.
3.1. Truncation Error of the Image Charge Series. In

this subsection, we analyze the error introduced by truncating
the infinite series of image charges at the M-th layer. This is
achieved by reformulating the summation of the infinite image
charge series as a Fourier expansion in the periodic xy
dimensions and as a geometric series in z.

First, let f(r) be a smooth function for r 3 which decays
at infinity, with its Fourier transform denoted as f,̃ then we
define the doubly periodization of f as the following lattice sum:

r r Lf f( ) ( )
m

m
2

= +
(24)

and one has the following Poisson summation formula for
rf ( ):

r kf
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k z
z

z= ·

(25)

where r = (ρ,z) with ρ ≔ (x, y), and kρ = 2π(nx/Lx,ny/Ly) with
n n,x y . Applying the Poisson summation formula eq 25 to
eq 4 yields
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where the first term represents the Coulomb energy of a
homogeneous quasi-2D system and the second term accounts
for the contribution from the image charges. Note that the
contribution of the h = 0 mode is contained in the
homogeneous term, not relevant in the error analysis here
for the image charge series. Now if the image charge series is
truncated at the M-th layer, then the discarded truncation error
term is given by

U
L L

q q e
h

z z( , )
h

h r

x y i j

N

j M i j
0

err
, 1

i

ij

=
=

·

(27)

where
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To estimate Uerr, we use the fact that z z( , )M i j can be

reformulated as a geometric series. By inserting the definitions

of γ±
(l) and zj ±

(l) into eq 28, we obtain
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for odd M, and
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for even M. In both cases, we obtain the following error bound:
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where we use the fact that
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Substituting eq 31 into eq 27, we have
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where Cq is the bound of |∑i,jqiqje−ih·rij|, which depends on the

charge distribution of the system. We have the following rate of

convergence for |Uerr| in terms of the truncation parameter M:

U O e( )M H M L L
err u d

( 1)/2 4 ( 1)/2 /max ,x y| | | | + + { }
(34)

Next, we analyze the truncation error of the force exerted on

the i-th particle. Using the definition Ferr
i = −∇r di

Uerr and taking

the derivative in each direction, we obtain
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where we use the identity z z h z z( , ) 2 ( , )z M i j M i jij iji
= ,

and the factor 3 accounts for three dimensions of the force

field F. Substituting eq 31 into eq 35, we have
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(36)

where the second inequality is derived from the monotonicity
of the exponential function, and CQ = |qi∑j=1

N qje−ih·rij|. Similarly,
considering the rate of convergence in terms of M, we have
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e

( ( 1)/2
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i M

H M L L

err
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u d
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4 ( 1)/2 /max ,x y

| | + +

+ { } (37)

Comparing eqs 37 and 34, we observed that the error in force
converge slightly faster than that of the energy by a factor of

M( 1)/2 1+ .
To validate our theoretical predictions, we measure the

accuracy by calculating the relative errors in force,

max F
Fr

i N1,...,

i

i
err=

=

| |
| | , as a function of M, the number of truncated

image layers, and Fi represents the reference force on atom i.
Here the reference results are obtained using the ICM-
Ewald2D method, ensuring convergence to machine precision.
We examine charge-asymmetric systems containing 13 divalent
cations and 26 monovalent anions, randomly distributed
within the simulation cell. Data points on the same curve
originate from identical randomly generated systems to isolate
the effects of charge distributions.

In all calculations, the dimensions of the simulation cell
along the periodic directions are fixed as Lx = Ly = 10, while the
aspect ratio of the system is adjusted by varying the cell height
H. Recall that the reflection factors for the upper and lower
dielectric interfaces are denoted as γu and γd, respectively.
Finally, unless otherwise specified, we always set the Ewald

Figure 2. Relative errors in force ( r) as a function of the truncation parameter M for the image charge series. The dashed lines represent the fitted
curves with decay rates using our theoretical prediction eq 37. In panel (a), we fix γu = γd = 1 and consider systems with varying heights H = 0.5, 1,
and 5. In panel (b), we fix H = 1 while varying γu = γd = γ with values of 0.3, 0.6, and 1. In both panels, we fix Lx = Ly = 10.
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splitting parameter s = 6 to ensure that the errors due to Ewald
decomposition remain negligible.

The numerical results are presented in Figure 2a and b,
where we examine the convergence rate of r under different
aspect ratios Lx/H and reflection factors γ = γu = γd,
respectively. All results demonstrate that the force errors
decay exponentially as M increases. Additionally, we observe
that the errors decay slower as the aspect ratio Lx/H (Figure
2a) and the reflection factor γ (Figure 2b) increases, both are
consistent with our theoretical predictions in eq 37.
Furthermore, to quantitatively validate our theoretical findings,
we fitted the data points with the ansatz f(x) = Ceax, where a is
fixed to be the decay rate predicted by eq 37. The overlap of
the data points and the fitted lines shows that the decay rate of
the error is consistent with the theoretical prediction. The
results for relative errors in energy are documented in Section
1 of the SI, where similar conclusions hold.
3.2. Estimations of Electrostatic Layer Correction

(ELC) with Image Charges. Another often-overlooked
source of error in existing algorithms stems from the omission
of the ELC term in eq 22 and the discretization error using the
trapezoidal rule, which has been discussed in Section 2.2. In
this section, we focus on deriving estimations of the ELC term
with image charges.

First, we recall the definition of the ELC term with image
charges, denoted as UELC

M , as provided in the energy
expressions eqs 22 and 23:
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To derive an estimation for UELC
M , we introduce the following

two inequalities. (1). By basic algebraic manipulations, one
obtains:
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where the factor Cγ
(l) is defined as

C l l l l l l l( ) ( ) ( )
d
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To obtain the above inequality, we use the definitions of γ+
(l)

and γ−
(l), the bound maxi,j{|zi − zj+(l)|,|zi − zj−(l)|} ≤ (l + 1)H, and

the definition of z z( , )M i j in eq 28 along with its bound given
in eq 31. Substituting eqs 39 and 40 into eq 38 yields
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where we recall Cq is the bound of |∑i,j=1
N qiqjeih·rij|, |γu| ≤ 1, and

|γd| ≤ 1. Finally, suppose Lz > (M + 1)H, we obtain the

following estimation for the ELC contribution in energy, UELC
M ,

as
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Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.5c00438
J. Chem. Theory Comput. XXXX, XXX, XXX−XXX

G

https://pubs.acs.org/doi/suppl/10.1021/acs.jctc.5c00438/suppl_file/ct5c00438_si_001.pdf
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c00438?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


The corresponding ELC term in force calculations can be
estimated analogously. We have
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Further applying the inequalities eqs 39 and 40, we obtain
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where CQ is the bound of |qi∑j=1
N qje−ih·rij| and the coefficients J1,

J2
(l) and J3 are defined via
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As before, by omitting all the prefactors, we arrive at the
following estimation for the ELC contribution in force
calculations:
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Clearly, comparing eq 47 and eq 43, we find that the ELC
contribution behaves asymptotically the same for both energy
and force calculations.
3.3. Leading-Order Analysis of the ELC Term and

Numerical Validations. The theoretical estimations of the
ELC term, as presented in eqs 47 and 43, behave differently
under different system aspect ratios and reflection factors. In
this section, we conduct a detailed analysis of the leading-order
contribution of the ELC term across different system
parameter scenarios. Our focus will be on the analysis of
force calculations, a similar approach can be applied to the
energy.

First, by introducing two new dimensionless parameters
g e H L L

u u
2 /max ,x y{ } and g e H L L

d d
2 /max ,x y{ }, eq 47 can be

reformulated as
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From eq 48, it is clear that the leading-order contribution of
the ELC term depends on the magnitude of |gugd|. Specifically,
(i). if |gugd| > 1, the ELC leading-order term grows
exponentially as M increases:
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(ii). If |gugd| = 1, the ELC leading-order term grows linearly
with M:
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(iii). If |gugd| < 1, the summation over l in eq 48 converges as M
→ +∞, yielding a uniform estimation independent with M at
such case:
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Note that this estimation works for all values of M. For the case
where M is not very large, one can directly use eq 48 to get a
refined estimation of |FELC

M,i |.
In what follows, we perform a series of numerical tests to

validate our theoretical analysis. First, we examine the simplest
case, i.e., systems without dielectric interfaces by setting γu = γd
= 0. In our numerical tests, we fix Lx = Ly = 10, and vary the
system heights by setting H = 0.5, 1, 5. For clarity, we further
introduce the dimensionless padding ratio P, defined as P = (Lz
− H)/Lx. The results, presented in Figure 3, clearly show that

the relative errors in force r decay exponentially with P.
Notably, the convergence with respect to P is independent of
the specific choice of H, aligning with our theoretical
predictions in eq 47. Furthermore, our findings underscore
the computational challenges of simulating strongly conf ined
systems, characterized by a high aspect ratio, i.e., Lx/H.
According to Figure 3, achieving single- or double-precision
relative accuracy requires padding the system in the z direction
such that (Lz − H)/Lx reaches around 3 and 5, respectively.
For strongly confined systems, this requires one to set Lz ≫ H,
which can significantly increase the computational cost if grid-
based algorithms are used.

Next, we examine systems with dielectric interfaces. We set
γu = γd = γ and explore two prototypical scenarios by choosing
γ = 0.6 and 1, respectively. In both scenarios, the size of
simulation box is fixed as Lx = Ly = 10 and H = 0.5, and we
vary the padding ratio P (by changing Lz) and the image series
truncation parameter M to validate our theoretical results. We
first address the scenario with γ = 0.6, where we have |gugd| < 1,
so that the numerical errors are mainly contributed by the
image series truncation error eq 37 and the ELC term eq 51.
The numerical results, as shown in Figure 4, demonstrate that
the errors in force decay exponentially with both the padding
ratio P and the number of image charge layers M, consistent
with our theoretical predictions. Notice that in Figure 4a, the
errors saturate at certain accuracy levels, this is due to the fixed
image series truncation error (as we fix M). Similarly, the
errors saturate in Figure 4b as they reach the fixed ELC errors
for given padding ratios P.

Now consider the scenario with γ = 1, where we have |gugd| >
1, so that the numerical errors associated with the ELC term
are described by eq 49. In this context, the error behavior
becomes more complex: as M increases, the ELC error exhibits
exponential growth, whereas the image truncation error
decreases exponentially. As illustrated in Figure 5a, by fixing
M, we still observe exponential convergence in forces as the
padding ratio P increases. However, for a fixed padding ratio P,
the errors display nonmonotonic behavior with increasing M,
as depicted in Figure 5b. This subtle phenomenon was not
fully understood since its first observation in the work of Yuan
et al.30 Our analysis reveals it as the combined effect of image
truncation and ELC errors: initially, errors decrease due to the
decay of image truncation errors; and once M surpasses a
certain P-dependent threshold, the error amplification

Figure 3. Relative errors in force ( r) as a function of the padding
ratio P for systems without dielectric interfaces. We consider systems
with heights H = 0.5, 1, 5 while fixing Lx = Ly = 10. The padding ratio
is defined as P = (Lz − H)/Lx. The dashed lines represent the fitted
curves with decay rates using theoretical prediction eq 47.

Figure 4. Relative errors in force ( r) for systems with dielectric interfaces. Here we fix γu = γd = γ = 0.6, Lx = Ly = 10 and H = 0.5. Panel (a)
illustrates errors as a function of padding ratio P with fixed image charge layers (M = 5, 15, 25); panel (b) illustrates errors as a function of M with
fixed padding ratios (P = 1, 3, 5). The dashed lines in (a) and (b) represent the fitted curves with decay rates using theoretical predictions eqs 51
and 37, respectively.
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mechanism predicted by eq 49 becomes dominant, causing
errors to grow exponentially. Finally, we note that in strongly
confined systems, the presence of dielectric interfaces would
introduce additional computational challenges.27 Specifically,
for systems with higher aspect ratios, a larger M is required to
achieve the same level of accuracy. The relevant numerical
results are summarized in Section 2 of the SI.

As a final example, we validate our theoretical findings by
replicating the nonmonotonic error behavior reported by Yuan
et al. in Figure 2 of ref 30. The reproduced numerical results
are shown in Figure 6, where we examine systems of dielectric-
confined 2:1 electrolytes with Lx = Ly = 15 and H = 5. The
three panels in Figure 6 correspond to systems with different
reflection factors: γu = γd = γ = 0.6, 0.95, and 1, respectively.
Within each panel, Lz is varied as 45, 75, and 105. Note that for
all cases considered here, the condition |gugd| > 1 is satisfied,
suggesting a similar phenomenon to that shown in Figure 5b,
where errors diverge exponentially as M surpasses a certain
threshold. Finally, we fit the numerical results using an
analytical expression that combines the two primary error
terms, eqs 34 and 43, with coefficients determined through
fitting. The fitted curves, represented by dashed lines in Figure
6, exhibit excellent agreement with the numerical data, thereby
validating our theoretical predictions.

3.4. Dependence on the Distribution of Charges. In
this section, we explore how the error depends on the
distribution of charges. We examine the average absolute errors
in energy for three types of systems: random/equilibrium 2:1
electrolyte systems with a total of 39 particles, and systems
with only a pair of charged particles, each with 10 samples. The
equilibrium systems are sampled from MD simulations in the
NVT ensemble, while atomic positions in the random systems
are generated randomly within the simulation box.

We estimate the energy error bound using our theoretical
framework. We select the Ewald splitting parameter α and the
real-space cutoff rc such that s = αrc = 6, ensuring the cutoff
error is close to machine precision. Under this setup, the main
sources of error are the truncation of the image charge series
and the reformulation error in the ICM-Ewald2D summation.
The error bounds from these two contributions are computed
using eqs 33 and 42, respectively. In both equations, the
estimated errors are proportional to the factor Cq =
|∑i,j=1

N qiqjeik·(ri−rj)|. A simple upper bound is Cq ≤ ∑i,j|qiqj| ≤
N2qmax

2, where qmax = maxi|qi| is the largest strength of charges.
This estimate can be improved if the charge distribution is
known. For example, if the Debye−Hückel (DH) approx-
imation36,46 is applicable to approximate the charge distribu-
tion at equilibrium, we obtain a tighter bound: Cq ≤ CNqmax

2 ,
where C is a constant independent of N.

Figure 5. Relative errors in force ( r) for systems with dielectric interfaces. Here we fix γu = γd = γ = 1, Lx = Ly = 10 and H = 0.5. Panel (a)
illustrates errors as a function of padding ratio P with fixed image charge layers (M = 25, 35, 45); panel (b) illustrates errors as a function of M with
fixed padding ratios (P = 1, 3, 5). The dashed lines in (a) and (b) represent the fitted curves with decay/growth rates using theoretical predictions
eqs 49 and 37.

Figure 6. Relative errors ( r) in electrostatic energy for systems of 2:1 electrolytes with dielectric interfaces. Here we consider the same system
setup studied by Yuan et al.30 using the ICM-PPPM method with γu = γd = γ = 0.6, 0.95, and 1 (from left to right), respectively. In each panel, we
fix Lx = Ly = 15, H = 5, and consider Lz = 45, 75, and 105. Finally, the dashed lines represent the fitted curves using the sum of eqs 34 and 43 (with
coefficients determined by fitting).
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When computing the upper bound, we use the conservative
estimate Cq = N2qmax

2 for random systems without prior
information about charge distribution. For equilibrium
systems, we assume the DH approximation holds, and set Cq
= 40 (the factor C is omitted). The error bars shown in Figure
7 confirm that the actual error remains below our predicted
bound across different systems. Furthermore, the observed
decay rate of the error matches the theoretical prediction,
supporting the validity of our analysis.

4. OPTIMAL PARAMETER SELECTION STRATEGY
In practical simulations of dielectric-confined systems, a
systematic strategy for determining the optimal algorithm
parameters is highly beneficial. Specifically, given a prescribed
error tolerance ε, it is crucial to identify parameter choices that

achieve this tolerance with minimum computational cost. For
ICM-Ewald3D27 and ICM-PPPM30 algorithms, our error
analysis indicates that four interrelated parameters must be
determined to control accuracy: (1). the Ewald splitting
parameter α, (2). the real-space cutoff rc, (3). the image charge
series truncation parameter M, and (4). the padding length Lz.
By combining the error estimates from this study with the
established Ewald splitting error, the overall error estimates for
the ICM-Ewald3D and ICM-PPPM methods can be expressed
as follows:
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This expression can be interpreted as an upper bound on the
leading error decay rate, based on the triangle inequality. It is
important to note that, in practical applications, these terms
may pollute with one another, although this phenomenon is
not observed in our tests. The first term represents the Ewald
decomposition error, the second term denotes the image
charge series truncation error, the third and fourth terms
correspond to the errors associated with the ELC term with
image charges, and the last term corresponds to the trapezoidal
discretization error. Recall that, based on our analysis, the

Figure 7. Average absolute errors ( ) in electrostatic energy for different particle systems, including random/equilibrium 2:1 electrolyte systems
and systems with only a pair of charged particles, denoted as “random”, “equilibrium”, and “dipole”, respectively. Each data point are obtained from
10 samples, and the dashed lines represent the theoretical upper bounds of the error. In each panel, we fix Lx = Ly = 10 and H = 5. In panel (a), (c)
and (d), we set γu = γd = 1, and in panel (b), we set γu = γd = 0. In panel (c) we fix M = 5, and in panel (d) we fix P = 5. Panel (a) illustrates the
truncation error of the image charge series, panel (b) illustrates the ELC error, panel (c) and (d) illustrates the total error.

Table 1. Algorithm Parameters s, M, and Lz for Varied
Tolerance ε = 10−4, 10−8, and 10−12a

γ ε s M Lz

0.6 10−4 3 9 15
0.6 10−8 4 17 30
0.6 10−12 5 25 45
1 10−4 3 16 32
1 10−8 4 31 62
1 10−12 5 45 91

aThe Parameters are Selected According to the Strategy Proposed in
This Work. Two Different Dielectric-Confined Systems are
Considered, with γ = 0.6 and 1, Respectively. Both Systems Have
Dimensions Lx = Ly = 10 and H = 1.
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fourth term can grow exponentially with increasing M if the
condition |gugd| > 1 is met. As a result, one should be careful in
properly selecting the parameter M. Choosing a very large M
will not only increase the computational cost, but may also lead
to incorrect results under certain circumstances. In what
follows, we propose an optimal parameter selection strategy
based on the theoretical guidance of eq 52.
Step 1: Select M, so that the second term in eq 52 is

controlled by ε. There are three possible cases depending on
the system setups:

1. Case 1: If there is no dielectric interface, i.e., γu = γd = 0,
one simply set M = 0.

2. Case 2: If there is only one dielectric interface, i.e., either
γu = 0, γd ≠ 0 or γu ≠ 0, γd = 0, one can set M = 1 (since
there is no image charge reflection).

3. Case 3: If there are two polarizable dielectric interfaces,
i.e., γuγd ≠ 0, we select M according to the following
condition (obtained by algebraic manipulations of eq
34):

M
2log log
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| |

| |
{ }
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Step 2: Select Lz, such that the sum of the third and fourth
terms in eq 52 is controlled by ε. Based on the leading-order
error analysis presented in Section 3.3, two cases should be
considered:

1. Case 1: If the condition g g e 1H L L
u d u d

4 /max ,x y| | = | | <{ }

is satisfied, we have
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It is important to note that, for this case, Lz can be
selected independently of M and remains valid for all
values of M. For a more refined determination of Lz
when M is not sufficiently large, one may employ the
Newton−Raphson iterative method to solve eq 48 for
Lz, ensuring that |FELC

M,i | ∼ ε.
2. Case 2: If e 1H L L

u d
4 /max ,x y| |{ } , we obtain
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It is interesting to note that, the selection of Lz as derived in eq
55 can be interpreted physically as ensuring a sufficiently large
vacuum layer in z such that all the image charges cannot
overlap each other due to the periodic boundary conditions
(necessitating Lz ≥ (M + 1)H). Additionally, an extra buffer
zone is required, the length of which is determined by the
specific tolerance ε.
Step 3. After M and Lz are determined, the Ewald splitting

parameter α and real-space cutoff rc can be selected. As
indicated by eq 52, the Ewald decomposition error is
independent of both the image truncation and the ELC error
terms. The only extra constraint comes from the trapezoidal
discretization error, which is typically minor due to its rapid
decay with increasing Lz. Consequently, the standard strategy

Figure 8. Relative errors in force ( r) for two dielectric-confined systems with γ = 0.6 (panels (a,b)) and γ = 1 (panels (c,d)), respectively. For
both systems, we fix Lx = Ly = 10 and H = 1. Within each panel, the dashed lines correspond to the numerical errors obtained according to
tolerance values ε = 10−4, 10−8, and 10−12, and the solid markers indicate the specific choice of M or Lz selected via the proposed parameter
selection strategy (Step 1−Step 3 in Section 4). These solid markers serve as a good estimation of the lower point. Note that in panels (a) and (c), s
and Lz are fixed according to Table 1, whereas in panels (b) and (d), we fix s and M.
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can be employed to choose these parameters by setting ε =
e−sd

2

/s2 and solving for s, where s = rc/α. The specific values of rc
and α can then be adjusted to balance the computational costs
between real-space and reciprocal-space calculations.12 Finally,
to guarantee that the trapezoidal discretization error has been
controlled, it is necessary to verify that the following condition
is satisfied:

L H( ) logz
1 1

(56)

If this condition is not met, then α must be relaxed to fulfill
this constraint.

We finally validate the proposed parameter selection strategy
through numerical tests on two different dielectric-confined
systems, characterized by γu = γd = 0.6 and 1, respectively. The
system dimensions are fixed at Lx = Ly = 10 and H = 1. Note
that for the system with γ = 0.6, we have |gugd| < 1, while for
the system with γ = 1, |gugd| > 1. For each system, the error
tolerance ε is set to ε = 10−4, 10−8, and 10−12. Using the
proposed parameter selection strategy, we proactively choose
parameters to ensure all specified relations are satisfied. The
results are detailed in Table 1. We validate these selected
parameters through numerical results shown in Figure 8, where
we analyze a random system and plot error curves as functions
of M and Lz. The solid markers represent the parameters
chosen according to the proposed strategy. The numerical
results confirm that these preselected parameters are near-
optimal, demonstrating the effectiveness of the proposed
parameter selection strategy.

It is evident from Figure 8 that, across all test cases with
varying γ and ε, the selected parameters consistently achieve
optimal or near-optimal performance, especially for the case γ
= 1. Consequently, we conclude that the parameter selection
strategy proposed herein offers practical guidance for
optimizing the performance of MD simulations of dielectric-
confined systems.

5. CONCLUSIONS
In this work, we presented a rigorous error analysis of Ewald
summation for dielectric-confined planar systems, where the
polarization potential and force field are modeled using an
infinitely reflected image charge series. In particular, we
address the truncation error of the image charge series and
the error estimations associated with the ELC term involving
image charges, which may introduce significant errors but are
often overlooked. Our error estimations are numerically
validated across various systems, including random/equili-
brium 2:1 electrolyte systems and systems containing only a
pair of charged particles. Moreover, through analysis, we are
able to elucidate the counterintuitive nonmonotonic error
behavior observed in previous simulation studies. Finally,
based on the theoretical insights, we propose an optimal
parameter selection strategy, offering practical guidance for
achieving efficient and accurate MD simulations of dielectric-
confined systems.
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