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ARTICLE INFO ABSTRACT

Keywords: Quasi-2D Coulomb systems are of fundamental importance and have attracted much attention in
Quasi-2D c°“1°n}b systems many areas nowadays. Their reduced symmetry gives rise to interesting collective behaviors, but
Sum of exponentials also brings great challenges for particle-based simulations. Here, we propose a novel algorithm

Random batch sampling
Ewald splitting
Molecular dynamics

framework to address the O(N?) simulation complexity associated with the long-range nature of
Coulomb interactions. First, we introduce an efficient Sum-of-Exponentials (SOE) approximation
for the long-range kernel associated with Ewald splitting, achieving uniform convergence in terms
of inter-particle distance, which reduces the complexity to O(N /). We then introduce a random
batch sampling method in the periodic dimensions, the stochastic approximation is proven to be
both unbiased and with reduced variance via a tailored importance sampling strategy, further
reducing the computational cost to O(N). The performance of our algorithm is demonstrated
via various numerical examples. Notably, it achieves a speedup of 2 ~ 3 orders of magnitude
comparing with Ewald2D method, enabling molecular dynamics (MD) simulations with up to 10°
particles on a single core. The present approach is therefore well-suited for large-scale particle-
based simulations of Coulomb systems under confinement, making it possible to investigate the
role of Coulomb interaction in many practical situations.

1. Introduction

In various fields such as electromagnetics, fluid dynamics, computational soft matter and materials science [1-3], it is of great
importance to evaluate lattice kernel summations in the form of

N

¢px)= Y 0;K(x—y;+moL). e

m j=1

where x,y; € R? are d-dimensional vectors in a rectangular box Q with L the vector of its edge lengths, p ; refers to the density or
weight, m € 77 @ {0}97" exerts periodicity in the first d’ directions (with d’ < d), “o” represents the Hadamard product, and K (x)
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is the kernel function whose form depends on the interested physical problem. If d’ = d, the system is called fully-periodic, d’ =0,
it is in a free-space, otherwise it is called partially-periodic. In this work, we focus on the doubly-periodic case (where d =3 and
d’ =2), characterizing a confined system with nanometer/angstrom length scale in one direction; bulk and periodic in the other two
directions. In literature, this type of systems are also referred as quasi-2D systems, which have caught much attention in studies of
magnetic and liquid crystal films, super-capacitors, crystal phase transitions, dusty plasmas, ion channels, superconductive materials
and quantum devices [4-9,3].

The reduced symmetry of quasi-2D systems gives rise to new phenomena, but also brings formidable challenges in both theory and
computation. The first challenge comes from the involved long-range interaction kernels, including but not limited to Coulomb and
dipolar kernels in electrostatics, Oseen and Rotne-Prager-Yamakawa kernels in hydrodynamics and the static exchange-correlation
kernels in density functional theory calculations. For fully-periodic or free-space systems, O(NN) fast algorithms have been developed;
but the field is still under developing for partially-periodic systems. The anisotropy of such systems poses extra challenges for simula-
tions: 1) the periodic and non-periodic directions need to be handled separately due to their different boundary conditions and length
scales; 2) the convergence properties of the lattice kernel summation Eq. (1) requires careful consideration, which largely depend
on the well-posedness of the underlying PDEs. Another challenge comes from practical applications. To accurately determine the
phase diagram of a many-body system may require thousands of simulation runs under different conditions [10], each with billions
of time steps to sample ensemble averages. Moreover, to eliminate the finite size effect, millions of free particles need to be simulated.
Such large-scale simulations are especially required for quasi-2D systems, so as to accommodate its strong anisotropy, and resolving
possible boundary layers forming near the confinement surfaces [8]. The cumulative impact of these considerations poses significant
challenges for numerical simulations for quasi-2D systems.

To address these issues associated with the particle-based simulation of quasi-2D systems, a variety of numerical methods have been
developed. Most of them fall into two categories: (1) Fourier spectral methods [11-14], where particles are first smeared onto grids,
and subsequently the underlying PDE is solved in Fourier domain where fast Fourier transform (FFT) can be used for acceleration;
(2) adaptive tree-based methods, where fast multipole method (FMM) [15] or tree code [16] originally proposed for free-space
systems can be extended to quasi-2D systems by careful extension to match the partially-periodic boundary conditions [17,18].
Alternative methods have also been proposed, such as the Lekner summation-based MMM2D method [19], multilevel summation
methods [20,21], and correction-based approaches such as Ewald3DC [22] and EwaldELC [23], which first solve a fully-periodic
system and then add the partially-periodic correction terms. By combining with either FFT or FMM, these methods achieve O(N log N)
or even O(N) complexity.

However, the issue of large-scale simulation of quasi-2D systems is still far from settled. A few challenges remain. First, FFT-based
methods need extra techniques to properly handle the non-periodic direction, such as truncation [24], regularization [12], or periodic
extension [11], which may lead to algebraic convergence or require extra zero-padding to guarantee accuracy. Recent advancements
by Shamshirgar et al. [25], combining spectral solvers with kernel truncation methods (TKM) [26], have reduced the zero-padding
factor from 6 to 2 [11], which still requires doubling the number of grids with zero-padding. Second, the periodization of FMM needs
to encompass more near-field contributions from surrounding cells [17,27]. The recently proposed 2D-periodic FMM [28] may offer
a promising avenue; however, it has not yet been extended to partially-periodic problems. Finally, it is worth noting that most of the
aforementioned issues will become more serious when L, < min{L,, Ly}, in which case the Ewald series summation will converge
much slower [23], and the zero-padding issue of FFT-based methods also becomes worse [14].

In this work, we introduce a novel algorithm for particle-based simulations of quasi-2D systems with long-range interactions
(typically, the 1/r Coulomb kernel). Our approach connects Ewald splitting with a sum-of-exponentials (SOE) approximation, which
ensures uniform convergence along the whole non-periodic dimension. We further incorporate importance sampling in Fourier space
over the periodic dimensions, achieving an overall O(/N) simulation complexity. The algorithm has distinct features over the other
existing approaches:

1. Our approach provides a well-defined computational model for both discrete free-ions and continuous surface charge densities,
and is consistent under both NVT and NPT ensembles.

2. The simulation algorithm has linear complexity with small prefactor, and it does not depend on either FFT or FMM for its
asymptotic complexity.

3. Instead of modifying FFT and FMM-based methods, which are originally proposed for periodic/free-space systems, our scheme
is tailored for partially-periodic systems, it perfectly handles the anisotropy of such systems without any loss of efficiency.

4. Our method is mesh free, and can be flexibly extended to other partially-periodic lattice kernel summations in arbitrary dimen-
sions, thanks to the SOE approximation and random batch sampling method.

Our approach builds upon the Ewald2D formula and incorporates an SOE approximation for the kernel function in the non-periodic
dimension. By utilizing the SOE form, we are able to reformulate Ewald2D into a recursive summation, reducing the computational
complexity from O(N 2) to O(N7/5). We also address the issue of catastrophic error cancellation associated with the original Ewald2D
method. Additionally, we introduce a random batch importance sampling technique in Fourier space to accelerate the computation
in the periodic dimensions, without the need for costly direct summation or FFT. The resulting method, named RBSE2D, maintains
numerical stability and achieves optimal O(/N) complexity in both CPU and memory consumptions. Rigorous error estimates and
complexity analysis are provided, further validated by numerical tests. In particular, numerical results demonstrate that RBSE2D-
based MD simulations can accurately reproduce the spatiotemporal properties of quasi-2D Coulomb systems, along with a significant
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improvement in computational efficiency with a speedup of approximately 2 — 3 orders of magnitude compared to the standard
Ewald2D method, allowing large-scale simulations of quasi-2D systems.

We refer to the RBSE2D as a framework for partially-periodic summation problems with arbitrary non-oscillatory kernels since
the method is highly kernel/dimension independent. The details of this framework, however, are showcased by the specific Coulomb
kernel under the quasi-2D setup, which is both physically important and concise to be mathematically clarified. The remaining sections
of the paper are organized as follows. Section 2 introduces the quasi-2D electrostatic model and revisits the Ewald2D summation
formula for quasi-2D Coulomb systems. Section 3 introduces the SOE approximation for the Ewald2D summation in the non-periodic
dimension. Section 4 introduces the random batch sampling method for further accelerating the computations in periodic dimensions.
Finally, to validate the accuracy and efficiency of our proposed method, numerical results are presented in Section 5. Concluding
remarks are provided in Section 6.

2. Ewald summation for quasi-2D Coulomb systems

In this section, we introduce the physical model and mathematical notations for quasi-2D Coulomb systems, and provide a concise
overview of the Ewald2D lattice summation formula, along with the extension to confinement with charged interfaces. While some of
the results in this section are novel contributions, it is important to note that the majority of concepts introduced in Sections 2.1-2.2
have been well-established in the literature.

2.1. Quasi-2D Coulomb systems

Quasi-2D Coulomb systems are usually modelled via the so-called doubly-periodic boundary conditions (DPBCs), i.e., periodic in
xy directions to mimic the environment of bulk, and non-periodic in the z direction, indicating confined particles in z at nano-/micro
scales either by soft or hard potential constraints [8]. In literature, this type of model is often referred as the “slab geometry” [22] or
the “slit channel” geometry [14].

Consider a simulation domain Q = [0, L, ] X [0, L,Ix [0,L,]cC R3, which comprises N particles with positions r; = (x;,y;,z;) € Q
and charges ¢g;, i = 1,--, N. The electrostatic potential ¢(r) for such systems, assuming uniform background dielectric media, is
governed by the following Poisson’s equation with DPBCs:

N
—Ap(r)=4ng(r), with g(r)=) Y q6(r—r;+M), 2
m j=1
where m = (m,,m ) E Z% and M := =(myL,,m,L,,0). The solution to Eq. (2) is doubly-periodic ¢(r) = ¢p(r + M) and unique up to a

linear function in z. The uniqueness will be satisfied by incorporating a suitable boundary condition as z — +co.
In many practical situations, the potential is defined via the following Coulomb summation formulation,

B(r)= ZZI r+M| ®3)
m.j

It is important to note that the potential becomes singular when r =r; and m =0, with the singularity arising from the Dirac delta
source. It is important to note that Eq. (3) is not well defined without specifying the shape of summation region [29,30] and the
total charge neutrality condition. We construct copies Q(m) of the simulation domain by Q(m) = {r|r — M € Q}. One has Q(0) =Q
and a copied domain Q(m) contains N charges at r; + M. Next, we define a summation shape S C R? which contains the origin. We
consider a lattice A(S, R) = {Q(m)|m/R € S} with R € R be a truncation parameter. Given these notations, Theorem 2.1 clarifies the
necessary conditions to guarantee absolute convergence of the series.

Theorem 2.1. The summation in Eq. (3) truncated within region A(S, R) is absolutely convergent as R — o if (1) the shape S is symmetric
around the origin (meaning thatif m/R € S, then —m/R € S); and (2) the system within the central box is charge neutrdl, i.e., 2;11 q;=0.

Proof. By the Taylor expansion, one has for large |m|

1 1 r-m 1
—_—=——-—4+0(—= ) . 4)
[r+M| M| M3 (IMP)
In the right-hand side of Eq. (4), the second term is odd with respect to m and thus sums to zero due to the symmetry of S. The last
O(IM|~3) term is absolutely convergent as R — co. Therefore, it is sufficient to analyze the convergence behavior of the expression:

J = lim 2 g - (5)

R—o0

/ReS

Eq. (5) can be viewed as a Riemann sum multiplied by the total net charges. If the charge neutrality condition is satisfied, i.e.,
Zji 14; =0, then J vanishes and the series summation of ¢ in Eq. (3) is absolutely convergent. If the charge neutrality condition is

violated, the Riemann sum can be approximated as an integral, J ~ er(LxLy)‘1 RZj\; 1 4;, which diverges as R — co. This implies
that the total charge neutrality condition is a necessary requirement for the existence of ¢(r) in Eq. (3). [
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In practice, a common choice in Ewald 3D/2D summation approaches is by choosing the spherical/circular shape of summation
region centered at the origin with unit radius; i.e., the sum is taken over |m| =0,1,2..., R in ascending order, where R is the
truncation parameter. As long as Eq. (3) is well defined, Proposition 2.2 establishes a precise relationship between Eq. (3) and the
solution to Poisson’s equation (2) with a properly chosen boundary condition as z — oo.

Proposition 2.2. If the series summation of ¢(r) in Eq. (3) satisfies both conditions stated in Theorem 2.1, then it is a unique solution to
Poisson’s equation (2) given the far-field boundary condition

11m P(r)= L L Zq] z;. (6)

Proof. Let p=(x,y) and k = (k,, k,) denote the periodic dimensions of position and Fourier frequency, respectively, where p € Rr2
and k € K? with

2:={pel0.L,]x[0.L,]}. and W2:={keiiz z”z} @)

x y

The Poisson’s summation formula (see Appendix A) indicates

N k‘z z; ‘
€ ik (=pp) 4 _ (8)
g‘;lr—r + M| ; [ Ly y,;) k Pz z)]
where k = |k| and
do(z—z) = = dp ©

(o9
LXLJ"O/ \/ 2+|z—z |2

represents the k = 0 term. Note that Eq. (9) is equivalent to a uniformly charged infinite plane in the real space. As z — oo, all k # 0
modes vanish, so that

N
Clim 0000 = lip, 34,00z = ). a0

One can then integrate out Eq. (9) and arrives at

ooz

—>+ooLL

Finally, the charge neutrality condition results in Eq. (6).
Eq. (6) indicates that lim ¢(r) is a finite constant, and thus can be regarded as a properly chosen Dirichlet-type boundary
Z—=+00

condition at z — +oo [11]. Next, we study the uniqueness of the solution of Poisson’s equation under DPBCs and Eq. (6). Suppose
there exists two solutions ¢ (r) and ¢,(r), let u(r) := ¢;(r) — ¢,(r) be the difference between two solutions, and 8 = R2 xR be a
tubular cell that extends to infinity in the z-direction. By Green’s first identity, we have

0= /uAudr—/V (uVu)—(Vu)zdr—/uVu ds — /(Vu) dr. (12)
B B 08
The boundary term in the RHS cancels by periodicity in the xy-plane as well as lirP u(r) =0, hence Vu(r) = 0 in 8. Accordingly, we
Z—+00

have u(r) =0, which ensures the uniqueness of the solution. []

For such a well-defined quasi-2D Coulomb system, the electrostatic interaction energy U is given by

U(ry.....ry) == ZZZ’lr _[Ir’qier (13)

m =] j=1 !

where the notation “/” represents that the i = j case is excluded when m = 0. The corresponding force on each particle is F' = -V, U,
fori=1,2,..., N.Itis remarked that, though the quasi-2D Coulomb summation is absolutely convergent, due to the long-range nature
of Coulomb interaction, directly truncating the series for computing energy or force will lead to slow convergence with a complexity
of O(N?).



Z. Gan, X. Gao, J. Liang et al.
Journal of Computational Physics 524 (2025) 113733

2.2. Ewald2D summation revisited

Throughout the remainder sections, we will extensively use Fourier transforms for the DPBCs, which leads to the well-known
Ewald2D [24,31,32] formula for quasi-2D Coulomb systems. For ease of discussion, the mathematical notations and definitions are
first provided.

Definition 2.3. (Quasi-2D Fourier transform) Let f(p, z) be a function that is doubly-periodic in xy-dimensions, its quasi-2D Fourier
transform is defined by

flk,x) = / / fp, e kP ®2gzdp . 14)
R2 R
The function f(p, z) can be recovered from the corresponding inverse quasi-2D Fourier transform:
— ; Y ik-p Kz
fp=5—7 3 [ [hko)d*Pe k. (15)
XY ke iy

In order to calculate Eq. (3), the Ewald splitting based methods [33] are often adopted. The idea of the Ewald splitting technique
can be understood as decomposing the source term g(r) of Eq. (2) into the sum of short-range and long-range components:

gr) =[g(r) = (g* )]+ (g + )(r) :=g,(r) + g4 (r) (16)

where the symbol “x” denotes the convolution operator defined in Eq. (A.1), and z(r) is the screening function. In the standard Ewald
splitting [33,34] for quasi-2D systems, 7 is chosen to be a Gaussian function that is periodized in the xy-plane, hence 7 is also a
Gaussian,

w(p,z) = Z”—S/ZaSe—u2|r+M|2 . T(k,K) = e—(k2+,<2)/(4a2) ) a”n
m

where a > 0 is a parameter to be optimized for balancing the computational cost in short-range and long-range components. The
electrostatic potential at the ith particle location can be expressed as

D) 1= dy(r) + dp(r) — bl (18)
where the short-range (¢,) and long-range (¢,) components are given as:

N gqerfe(a )r,-j + M‘)

XOEDII : 19
m j=1 |r,j + M‘
N gerf(a|r;; + M|)
qjer i
o=y 3 vl o
m j=1 |rl-j + M’
with r;; :=r; —r; and the error function erf(-) and complementary error function erfc(-) defined as
X
erf(x) := %/e"zdt and erfc(x) :=1—-erf(x), 21
T
0

respectively. In Eq. (19), Z' indicates that the sum excludes the self interaction term when j =i and m = 0; and in Eq. (18), ¢§elf is
the unwanted interaction between the Gaussian and point source, which should also be subtracted for consistency,

) erf
¢ =lim M — 2_aqi , (22)

self ;.50 r \/;

where r = 4/p? + z2 and p = | p|. It is clear that ¢, converges absolutely and rapidly due to the Gaussian screening, one can efficiently
evaluate it in real space by simple truncation. Conversely, ¢, is still slowly decaying in real space but the interaction becomes smooth
- the singularity of 1/r as r — 0 is removed, making ¢, fast convergent in the Fourier space. The detailed formulation for the 2D
Fourier expansion of ¢, is provided below.

Lemma 2.4. By Fourier transform in the periodic xy dimensions, ¢, can be written as the following series summation in k-space:
ber) =Y Pr)+ ), (23)
k#0

where the non-zero modes read
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(ko zi) + & (k, 2;5)] (24)

ok = T L Zq,

with Pij = (x; — XY —J’j)’ Zij = lz; — Zj|, and

£k z,;) 1= R erfc (% + az,l) , (25)
and the 0-th mode is
(”Zij)z
Qor)=— q; | zierf(az; )+ & . (26)
AN LxLy jz J ij (1\/7_[

Egs. (19), (22) and (23) constitute the well-known Ewald2D summation, which has been derived through various methods [24,
34,31,32,35]. An alternative derivation is provided in Appendix B.

The Ewald2D summation is the exact solution and does not involve any uncontrolled approximation. However, two significant
drawbacks limit its application for large-scale simulations:

+ Even with optimal choice of parameter a, computing the interaction energy U for an N -particle system through Egs. (19), (22)
and (23) takes O(N?) complexity, which is worse than O(N3/2) for that of the Ewald3D, the fully-periodic case.

* The function §*(k, z;;) is ill-conditioned: It grows exponentially as kz;; grows, leading to catastrophic error cancellation in actual
computations with prescribed machine precision.

In this work, we develop an algorithm framework to address these two issues. As will be shown in Section 3, we introduce the
SOE approximation and a forward recursive approach, which reduce the computational complexity from O(N 2) to O(N/5) without
losing accuracy, while the ill-conditioning issue is also properly handled. We further introduce a random batch importance sampling
technique, outlined in Section 4, yielding an optimal complexity of O(N), allowing large-scale simulations of quasi-2D Coulomb
systems.

2.3. Error estimates for the Ewald2D summation

Although the Ewald2D method is a widely recognized, standard technique, its theoretical error analysis remains underdeveloped.
In this section, we provide a truncation error analysis for the Ewald2D summation. The truncation error is clearly configuration
dependent. Here the estimation is analyzed based on the ideal-gas assumption [36], which was used by Kolafa and Perram [37] in
analyzing the Ewald3D case. Details of the ideal-gas assumption are summarized in Appendix C. The root mean square (RMS) error
is used to measure the truncation error in a given physical quantity, which is defined as

27)

where &; is the absolute error in the physical quantity due to ith particle, and N is the total number of particles.
In the following analysis, we denote the cutoff radii in real and Fourier spaces as r, and k,, i.e., one only calculates the terms

satisfying |r,~ it Ml <r, and |k| < k, in real and Fourier spaces, respectively. Our main findings are summarized as follows.

Theorem 2.5. Under the ideal-gas assumption, the real space and Fourier space truncation errors for the Ewald2D summation can be estimated

by
4 8a2Q  _3/2 12 /4s2
o=\ wr). 8y ko[, -

where Q = Z,]i , 4% and

2 - r[ f
e (a.r,) = 26 eerfotar,) _ reerfo(ar,? — y| —erfe(v2ar,) . 29)
a\/; mx2

Notably,

Oy(a,r.) > —a_4r_3e_2“ 7 as ar, > . (30)
4

The proof of Theorem 2.5 is provided in Appendix D. An interesting observation is that at the limit ar, — oo, the truncation error
estimates for Ewald2D sum become identical as that for Ewald3D derived in [37]. Same observation has been made by Tornberg and
her coworkers through numerical tests [11,25]. Here, Theorem 2.5 justifies this phenomenon.
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Based on Theorem 2.5, one can further obtain the error estimates of the interaction energy and forces, summarized in Proposi-
tion 2.6.

Proposition 2.6. Under the ideal-gas assumption, the real space and Fourier space RMS errors of energy and forces by the truncated Ewald2D
summation can be estimated by

1 5 -3/2 _22 8aZ  -3/2 42 /42
8y, (re )~ 0\ 570777 Pemeire, y, (ke )~ O\ ke [2emhiftal) (31)

Q 172 4272 0 12 _12/@4a?
Epi (@) 22\ re e B (ko) malg | a4, (32)

as ar, — oo and k. /2a — oo, respectively.

and

Remark 2.7. In practice, one needs to pick the pair of r, and k, such that the series in real and Fourier spaces converge with the
same speed. By Theorem 2.5, they can be chosen as

r =£, and k, =2sa, (33)
a

c

such that both truncation errors decay as

2
s e’ *

— 34
aV s? (34)

%¢x(rc>a) a4 %W(kc,a) ~Q

This indicates that the truncation error can be well controlled by the prescribed parameter s.

It should be noticed that, since the real space interaction is short-ranged, it only requires computation of neighboring pairs
within the cutoff radius r,. Many powerful techniques have been developed to reduce the cost for such short-range interactions into
O(N) complexity, including the Verlet list [38], the linked cell list [39] and more recently the random batch list [40] algorithms.
Consequently, the main challenge lies in the long-range component calculation, which will be discussed in Section 3.

2.4. Extension to systems with charged slabs

In the presence of charged slabs, boundary layers naturally arise — opposite ions accumulate near the interface, forming an
electric double layer. The structure of electric double layers plays essential role for properties of interfaces and has caught much
attention [41-43]. Since charges on the slabs are often represented as a continuous surface charge density, we present the Ewald2D
formulation with such a situation can be well treated.

Without loss of generality, one assumes that the two charged slab walls are located at z =0 and z = L, and with smooth surface
charge densities oy, (p) and o,,,(p), respectively. Note that both oy, (p) and o,,(p) are doubly-periodic according to the quasi-2D
geometry. In such cases, the charge neutrality condition of the system reads

N
Z q; + / [G10p(P) + Opor (P)] dp =0 (35)
i=1 e

Under such setups, the potential ¢ can be written as the sum of particle-particle and particle-slab contributions,
BP) = Ppp (1) + Ppg(r) . (36)

Here, ¢,,, satisfies Eq. (2) associated with the boundary condition Eq. (11). Note that Eq. (6) does not apply since the particles are
overall non-neutral. ¢, ; satisfies

~Ady () =4xh(r), with h(r) =0,y (P)3(2) + 00p(P)S(z = L) (37)

and with the boundary condition

Zgrglw¢p.s(r)=¢L7]i /abm(p)IZIdp+/awp(p)lz—Lzldp (38)
+ <Ly
2 R2

which is simply the continuous analog of Eq. (11).
The potential ¢;_, then follows immediately from Lemma 2.4

bpp(r) = by r) + X K+ B0r) — Bl (39)

k#0
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with each components given by Egs. (19), (24), (26), and (22), respectively. The 2D Fourier series expansion of d)p_s is provided in
the following Theorem 2.8, where its convergence rate is controlled by the smoothness of surface charge densities.

Theorem 2.8. Suppose that G, and Gmp are two-dimensional Fourier transform (see Lemma A.3) of oy, and oy, respectively. By Fourier
analysis, the particle-slab component of the electric potential is given by

2 kpi Kzl L A —K|z—
¢p-s(ri) = 7 7; Z eT [Gbot(k)e k|z;| +‘7mp(k)e k|z; LZI] +¢g-s(ri) , (40)
xy k20

where the 0-th mode reads

2
L.L,

91D = = [Boa Oz + Gy O]z, — L] @1)

Proof. For k # 0, applying the quasi-2D Fourier transform to both sides of Eq. (37) yields

~ 4 ~ ~ i
sk, k)= e [Bhot (k) + Bop(k)e™Ez] (42)
For k =0, one first applies the 2D Fourier transform in xy to obtain

(=02 + k%) dlk, 2) = 41 [Gooy (K)S(2) + Biop(k)d(z— L,)| . (43)

By integrating both sides twice and taking k = 0, the 0-th mode follows

$(0,2) = =27 [Gyo (0)|2] +G0p(0)] 2 = L || + Agz + By . (44)

where A and B, are undetermined constants. Finally, applying the corresponding inverse transforms to ap_s(k, k) and $(0, z) such
that the boundary conditions Eq. (38) is matched, one has A, = B = 0. The proof of Egs. (40)-(41) is then completed. []

Consider the ideal case that both o}, and o, are uniformly distributed. This simple setup is widely used in many studies on
interface properties. Since in this case all nonzero modes vanish, one has

Bps(r) = B (1)) = =27 [010p(L; = 2)) + Opoy (2, = O))] (45)

for all z; € [0, L,]. Here zero is retained to indicate the location of bottom slab.
For completeness, Proposition 2.9 provides the result of the well-definedness.

Proposition 2.9. The total electrostatic potential ¢ is well-defined.

Proof. For any finite z, ¢ is clearly well defined. Consider the case of z — +o0. By boundary conditions (11) and (38) and the charge
neutrality condition Eq. (35), one has

A 00 = lim [Bo(0)+ )

N
o (46)
=t quzj+/(oabm(p)+Lz%p(p))dp
1

Xyl j= 72

which is a finite constant. Thus the proof is completed. []

For the particle-slab interaction formulation, we observe a constant discrepancy between Eq. (45) derived here and those in liter-
ature [44,45]. It is because here one starts with the precise Ewald2D summation approach, different from the approach of employing
approximation techniques to transform the original doubly-periodic problem into a triply-periodic problem first, and subsequently
introducing charged surfaces. This constant discrepancy makes no difference in force calculations for canonical ensembles. However,
for simulations under isothermal-isobaric ensembles, this L -dependent value is important for the pressure calculations [46]. And
one should use Eq. (45) derived here for correct simulations.

Based on the expression of electrostatic potential ¢ derived above, the total electrostatic energy can be computed via the Ewald2D
summation formula:

U=U,,+U,

pss With Uy, :=U + ) UK+ UD - Uy, (47)

k#0

where U, =}, ¢, with = representing any of the subscripts used in Eq. (47).
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3. Sum-of-exponentials Ewald2D method

In this section, we introduce a novel summation method by using the SOE approximation in evaluating é*(k, z) and d,&*(k, z). This
method significantly reduces the overall complexity of Ewald2D to O(N7/5) without compromising accuracy. Error and complexity
analyses are also provided.

We first give a brief overview of the SOE kernel approximation method. For a given precision ¢, the objective of an SOE approxi-
mation is to find suitable weights w, and exponents s; such that Vx € R, the following inequality holds:

M
FG) = Y wye

I=1

<e, (48)

where M is the number of exponentials. Various efforts have been made in literature to approximate different kernel functions using
SOE, as documented in works such as [47-51]. For instance, the Gaussian kernel f(x) = e is widely celebrated and plays a crucial
role in numerical PDEs [52,53], and is particularly relevant for the purpose of this work. The SOE approximation for Gaussians can
be understood as discretizing its inverse Laplace transform representation, denoted as

2 1

=g et %e_\/axldz, (49

where I is a suitably chosen contour.

To achieve higher accuracy, several classes of contours have been studied, such as Talbot contours [54], parabolic contours [55],
and hyperbolic contours [56]. An alternative approach is developed by Trefethen et al. [57], where a sum-of-poles expansion is
constructed by the best supremum-norm rational approximants. A comprehensive review of these techniques has been discussed
by Jiang and Greengard [58]. Since the Laplace transform of an SOE is a sum-of-poles expansion [59], the model reduction (MR)
technique can be employed to further reduce the number of exponentials M while achieving a specified accuracy e. When combining
with the MR, convergence rates at O(6~) ~ O(7~M) can be achieved [58].

Additionally, kernel-independent SOE methods have been developed, such as the black-box method [59] and Vallée-Poussin
model reduction (VPMR) method [60]. Specially, the VPMR method integrates the flexibility of Vallée-Poussin sums into the MR
technique, demonstrating the highest convergence rate of O(9~M) in constructing SOE approximation for Gaussians. This method is
also bandwidth-controllable and uniformly convergent [61]. Due to these advantages, we will utilize the VPMR as the SOE construction
tool in all the numerical experiments throughout this paper.

3.1. SOE approximations of £*(k, z)
To start with, we introduce a useful identity which is a special case of the Laplace transform ([62], pp. 374-375; [63], pp. 688).

Lemma 3.1. Suppose that a, b, and c are three complex parameters where the real part of a satisfies % (a) > 0. For an arbitrary real variable
x, the following identity holds:

/e—(az2+2bt+c)d, — l \/ze(bzftw)/aerfc <\/;x + L) . (50)
2V a \/5

X

Substituting a = a?, b=k /2, ¢ =0, x = +z into Eq. (50) yields the integral representations of &*(k, z):

fi(k, Z) — 2\/_‘1_6—k2/(4a2)etkz / e—aztz—ktdt . (51)
V3

+z

a?f

We then approximate the Gaussian factor e~ ? in the integrand of Eq. (51) by an M -term SOE on the whole real axis, as

M

_a22 _

e ¥ n Zw,e spaltl (52)
=1

Inserting Eq. (52) into Eq. (51) results in an approximation to £*(k, z):

oo

M
5}\_'—4(](’ 2) 1= 2\/_‘1_6—k2/(4a2)etkz / 2 wle—s,alrle—krdt . (53)
i =1

The integral can be calculated analytically (with a, z > 0), yielding

M
200 12 /(402 e "Iz
* k,z=—ek/(4"’)zw 54
Sl Nz & as +k ®9
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and
—as —kz
20 2 /ua) [ as;z 2as;e
k,z + (55)
fM( )= \/z_r 1; —k (as,)z —
Similarly, one can also obtain the approximation of 9,£*(k, z), given by
O.’ —k2 J(4a?) e~ UsI1Z
Outyy e 2) 1= =T waSlas,+k 50
and
20% 42 jaa?) < e iz 2ke”*
d,&, (k,z) i=—=—e" - . 57
S (k. 2) \/;_re ;wlsl [ as,—k+ (s = (57)

The approximation error, which relies on the prescribed precision € of the SOE, also has spectral convergence in k. This is summarized
in Theorem 3.2.

Theorem 3.2. Given an M -term SOE expansion for the Gaussian kernel f(x) = et x satisfying Eq. (48), the approximation of £* derived
from Egs. (51)-(55) has a global error bound
ek Ga?)
|2 - gk 0] < 22—, (58)

7k

and for the approximation of 0,E* using Eqs. (56)-(57), the error bound is given by

—k%/(4a?)
~ 0.8, 2| s (59)

\/;

which is independent of z and decays rapidly with k.

Proof. To prove Eq. (58), one can directly subtract Eq. (53) from Eq. (51) to obtain:

1&@@—&@@|
oK /(4a?)
/

+kz—kt

e~ dt

M
—a2s2 —
et _Zw/e as|t|

=1

(60)
Sz_e—kz/(4a2)£/etkz—ktdz
Vr .

Daek*/Ga?)
=—sc¢,

7k
where from the second to the third line, one uses the boundness of SOE approximation error, i.e., Eq. (48). For the approximation
error of 0,£%, the proof is similar. One can subtract the z-derivative of Eq. (53) from the z-derivative of Eq. (51) to obtain

- 0,85 (k,2)
* M M
Sz_ae—kz/(4a2) /ketkz—kt e—a2r2 _ Z w,e_asflrl dt + e—ozzz2 _ Z wle—as,lz\
T iz I=1 I1=1

0 (61)
sﬂe‘“/““z)s k / etkakgr 4 1

4are=k* /()
=—¢.

\/;_r

Again, the boundness of the SOE approximation error is used in the proof, i.e., from the second to the third line. []

For the 0-th frequency term Eq. (26) consisting of erf(-) and Gaussian functions, a similar approach can be employed to construct
the corresponding SOE expansions. One has

10
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Fig. 1. The absolute error of the SOE expansion for (a) £*(k, z) and (b) erf(az) is plotted as a function of z, while fixing k = a = 1; absolute error of the SOE expansion
of (¢) &*(k,z) and (d) & (k,z) as a function of k?, while fixing z = 1. Data are presented for SOEs with varying numbers of exponentials, M =4, 8 and 16. (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

erf(az) ~ — / Z wye S dr = —— 2 —(1 eTmIZy (62)

Vr i3
One can prove that

erf(az) — —— 2 —(1 WAl < %e, (63)

Vr s s Vr
where one assumes that z € [0, L], as for quasi-2D systems all particles are confined within a narrow region in z.

The advantages and novelty of our SOE approach are summarized as follows. Firstly, Theorem 3.2 demonstrates that the approx-
imation error of our SOE method is uniformly controlled in z and decays exponentially in k. Secondly, the resulting approximation
é;fl is well-conditioned, thus addressing the issue of catastrophic error cancellation when evaluating £*. Achieving these properties
(see Fig. 1) are crucial for the subsequent algorithm design.

Remark 3.3. The choice of SOE approximation is not unique. Instead of approximating the Gaussian factor in the integrand with an
SOE, a more straightforward approach might be approximating the complementary error function in £* using an SOE. Unfortunately,
this will introduce an error proportional to ¢*?¢, which grows exponentially with k, resulting in a much larger numerical error in the
Fourier space summation for the long-range components of Coulomb energy and forces.

3.2. SOEwald2D summation and its fast evaluation

In this section, we derive the SOE-reformulated Ewald2D (SOEwald2D) summation, and the corresponding fast evaluation scheme.
Let us first consider the contribution of the k-th mode (k # 0) to the long-range interaction energy, denoted as U ;f , which can be
written in the following pairwise summation form

Z%@ﬂ) Y aa )+ %am(i), 64)

L.L, 1<j<i<N

where we define

o (rr)) 1= S [ (k2 + €k 7y))] 65)

11
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Substituting the SOE approximation of £+ (k, z) described in Egs. (54) and (55), a new SOE-based formulation can be obtained, denoted

as U £ SOE" This approximation is achieved by substituting ¢*(r;, r ;) with
PSop(Tir) = +Zij +Zij
66)
—kz/(4a2) . Mow (
o 2o T ki) Z — (20:5,6_1“"!' - 2ke_‘”’Z"!') .
7k =l alst— k2

For the 0-th mode contribution Ug, an SOE-based reformulation can be similarly obtained according to Eq. (62):

N
1 0 70
Upsoe=15. Z G () =— L Y P~ —— - (67)
i=1 XY 1<j<i<N Xy
where
M
w 22 1 2z; o
(pSOE(r” r;): Z ! [ +<——S—l’j>e ‘”’Z‘J] . (68)
=1
We now present an iterative approach to compute U¥ £ SOE for each k with O(N) complexity. For simplicity, consider pairwise sum
in the following form:
S= Y aqerue, (69)

1<j<i<N

where f is a parameter satisfying % ¢(f) > 0. It is clear that the pairwise sums in both U¥ £ .SOE and UY /.o e in the form of Eq. (69),
and direct evaluation takes O(N?2) cost.
To efficiently evaluate .S, we initially sort the particle indices based on their z coordinates, such that i > j < z; > z;. Subse-

quently, the summation can be rearranged into a separable and numerically stable form:

i—1

S = qu‘k”'e ﬁz'qu ik-pj oPz; (70)
i=1 Jj=1
N
— Z qieik'pr'e_ﬁ(zi_zi—])Ai(ﬂ) , (71)
i=1
with coefficients
i-1
A=Y ape e e 72)

Jj=1

Clearly, A;(f) =0, A,(f) =q, ekP1 and for i > 3, arecursive algorithm can be constructed to achieve O(N) complexity in computing
all the coefficients:

AB) = Ai,l(ﬂ)e_ﬂ(zi’l_Z”Z) + q,»,le_ik'p”l . i=3,. N. (73)

One can thus efficiently evaluate .S with another O(N) operations by Eq. (71) and using the computed coefficients A(f) =
(A;(P),....,An(P)). Consequently, the overall cost for evaluating the pairwise summation in forms of Eq. (69) is reduced to O(N).
Besides the iterative method discussed above, it is remarked that different fast algorithms based on SOE for 1D kernel summations
have been developed [58,64], which can also be used under the framework described in this article for the summation in the non-
periodic direction.

Remark 3.4. A similar iterative evaluation strategy can be developed based on Eq. (70) instead of Eq. (71), which may seem more
straightforward. However, it will lead to uncontrolled exponential terms such as e’% , affecting the numerical stability. The same
issue occurs in the original Ewald2D summation, as has been discussed in Section 2.2. In our recursive scheme, by prior sorting of
all particles in z, it follows that z; — z;_; >0 and z;_; — z; >0 for all j <i — 1, thus making all exponential terms in Eq. (71) with
negative exponents, resolving the exponential blowup issue.

Finally, the long-range component of Coulomb interaction energy in Ewald2D summation is approximated via:

~ 0

Up mUpsop = 0, Ufsop + Ul sop 74
k#0

where both U¥___and U?___ can be evaluated efficiently and accurately with linear complexity. In MD simulations, the force exerts

¢,SOE ¢,SOE
on the i-th particle, F;, plays a significant role in the numerical integration of Newton’s equations. One can similarly develop fast

12
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recursive algorithms to evaluate the SOE-reformulated forces, the detailed expressions for F; are summarized in Appendix E. We
finally summarize the SOEwald2D in Algorithm 1. Its error and complexity analysis will be discussed in the next sections.

Algorithm 1 The sum-of-exponentials Ewald2D method.

1: Input: Initialize the size of the simulation box (L,, L,, L,), as well as the positions, velocities, and charges of all particles. Choose a precision requirement ¢.

2: Precomputation stage: Determine Ewald splitting parameters a and s according to Eq. (34). Generate real and Fourier space cutoffs by r, = s/a and k, =2sa,
respectively. Construct the SOE approximations of é*(k, z) and erf(az) following Section 3.1.

3: procedure (SOEwald2D)

4 Sort all the particles according to their z coordinates, as z;, <z, < < zy.

5: Compute U/ sor for k| <k, as well as U(  SOE according to Section 3.2.

6: Compute U, by direct truncation in real space according to Eq. (19) with cutoff r,.

7

8

9

Compute Uy, according to Egs. (22).
Compute U = 3 1. Uk oo+ Uf sop = Usert + Us + U,
H Compute forces F; using a similar procedure as that of U.
10: end procedure

11: Output: Total electrostatic energy U and forces F;.

3.3. Error analysis for the SOEwald2D algorithm

Here we derive error estimates for the SOEwald2D summation. The total error in the interaction energy U consists of the truncation
error and the SOE approximation error:

&y 1= %UJ (rp, o) + %Uf (re, o) + Z %LI;K,SOE + g?//,SOE ’ 79
k#0

where the first two terms are the truncation error of Ewald2D summation and have already been provided in Proposition 2.6. The
remainder two terms are the error due to the SOE approximation for the Fourier space components, where

&k UU

U, SOE - and &°

0
Uy SOE U Uf SOE * (76)

¢.SOE >

Theorem 3.5 provides upper bound error estimates, when the Debye-Hiickel (DH) theory is assumed (see [10], and also Appendix F)
to approximate the charge distribution at equilibrium.

Theorem 3.5. Given a set of SOE parameters w,; and s, satisfying Eq. (48) and a charge distribution satisfying the DH theory, the SOE
approximation error for the Fourier component of interaction energy satisfies:

22200 o \/Z,%(HzoﬂLz)Q
ZgU sor S ——=—¢€, and & oop < €, (77)
¢ alL, L
k20 vz xy

respectively, where A, is the Debye length of the Coulomb system.

.. k k
Proof. By definitions of U, and U, ¢ sog» ON€ has

lk “Pij
k k
Uf U son =571 T ’Z;/Z;q,q, - 78)
where
= | ez = U zip)| + | ez = 3, Gz - (79)

By Theorem 3.2, one has

—k2 /(4a2)
el < 2T (80)

\rk

Substituting Eq. (79) into Eq. (78) and using the DH approximation, one gets

‘ ‘ ‘ B 2\/7i2 a0 oK /(a?)
&
Uy SOE| — LxLy k2

(81)

To adequately consider the error in Fourier space, the thermodynamic limit is commonly considered [37,65], wherein the sum over
wave vectors is replaced by an integral over k:

13
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kdk [ do, 82
k#0 (2”)2/ / o2

where (k, 0) are the polar coordinates and L =max{L,, L,}. It then follows that

}‘2 3Q
Z%Uf sop < \/; } (83)

k#0

Finally, recalling the SOE approximation errors of erf(-) and Gaussian functions given by Egs. (63) and (48), one obtains

VEii (1 + 2a2LZ)Q6

‘ Uy, SOE‘ oL.L, (84)

This finishes the proof. []

Based on Proposition 2.6 and Theorem 3.5, we conclude that the overall absolute error in U scales as &;; ~ O(e N). Notably, for
systems sharing the same charge distribution, the Coulomb interaction energy U ~ O(N). Thus we anticipate that our method will
maintain a fixed relative error in U. This will be verified through numerical tests in Section 5.1.

3.4. Complexity analysis for the SOEwald2D

In this section, we analyze the complexity of the SOEwald2D method summarized in Algorithm 1. The main computational cost
is contributed by the following steps: N particle sorting in z, the real and reciprocal space summations. For sorting (Step 4 in
Algorithm 1), taking advantage of the quasi-2D confinement, various sorting algorithms are suitable, for example, the bucket sorting
algorithm [66] results in an O(N) complexity. To achieve an optimal complexity, the cost of the real and reciprocal space summations
(Steps 5 and 6) need to be balanced. To analyze it, we first define p,; and p, by the average densities in the real and Fourier spaces

Py = N and p, = ﬂ ) (85)
LxL yLz Q2r )2

respectively. The cost C for computing the short-range interaction U, scales as

3 a2

C, = 43” PpgN = 3;’2{72]% (86)
Meanwhile, the total cost C, in computing U* £ SOE for all 0 < |k| < k. and UY #.SOE is given by

C,=nk?p,MN = ls a*L,L,MN 87)
since the recursive computation requires O(M N) operations for each k. To balance C; and C,, one takes

1/5

leading to the optimal complexity

C,=C, ~O(N"P). (89)

The self interaction Uy, (Step 7) can be directly calculated with a complexity of O(NN), and cost of summing up the total energy
(Step 8) is clearly O(1). By taking into consideration that the force calculation (Step 9) requires asymptotically the same cost as the
energy calculation (Steps 4-8), it can be concluded that the overall computational complexity of the SOEwald2D algorithm is O(N7/5).
It is clearly much faster than the original Ewald2D method which scales as O(N?2); and surprisingly, it is even slightly faster than
Ewald3D for fully-periodic systems, which scales as O(N3/2).

Remark 3.6. For the extreme case, L, < min{L,, L}, the neighboring region for the short-range interaction reduces to a cylinder
with radius r, due to the strong confinement, rather than a spherical region. In this case, one has:

272
C, ~2xr? N N 2zs'N

= (90)
g ¢L,L, oL L,L,

By simple calculation, the optimal complexity is found to be O(N3/2), which is the same as that of the Ewald3D summation for
fully-periodic problems.

14
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4. Random batch SOEwald2D method

In this section, we will introduce a stochastic algorithm designed to accelerate the SOEwald2D method in particle simulations,
reducing the complexity to O(N). Unlike existing methods relying on either FFT or FMM-based techniques to reduce the complexity,
our idea involves adopting mini-batch stochastic approximation over Fourier modes, with importance sampling for variance reduction.
More precisely, let us consider the Fourier sum over k € K 2 for a given kernel f(k), one can alternatively understand the Fourier
sum as an expectation

o S (k) _ fk)
W= Z o h(k) = Egopny [_h(k)] , (91)
kex?

where E_j ) denotes the expectation with k sampled from a chosen probability measure h(k) defined on the lattice k € K 2 Instead
of calculating the summation directly or using FFT, a mini-batch of Fourier modes (with batch size P) sampled from A(k) are employed
to estimate the expectation, resulting in an efficient stochastic algorithm.

It is worth noting that the random mini-batch strategy originated from stochastic gradient descent [67] in machine learning and
was first introduced in the study of interacting particle systems by Jin, et al. [68], called the random batch method (RBM). The
method was proved to be successful in various areas, including nonconvex optimization [69], Monte Carlo simulations [70], optimal
control [71], and quantum simulations [72]. Recently, this idea has been applied to fully-periodic Lennard-Jones and Coulomb
systems [40,73,74], demonstrating superscalability in large-scale simulations [75-77]. For long-range interactions such as Coulomb,
to accurately reproduce the long-range electrostatic correlations, the so-called symmetry-preserving mean-field (SPMF) condition [78]
has been proposed. The SPMF is originated from the local molecular field theory for Coulomb systems [79,80], which states that
algorithms must share a mean-field property, that is the averaged integration for the computed potential over certain directions
should equal that of the exact 1/r Coulomb potential. For fully-periodic systems, by carefully imposing the SPMF in the random
batch approximation, it has been shown that the long-range electrostatic correlations can be accurately captured [81].

However, when formulating algorithms for quasi-2D systems, the direct application of the random mini-batch idea introduces
formidable challenges. The classical Ewald2D, either in the closed form (Eq. (24)) or the integral form (Eq. (B.3)), are unsuitable
for random batch sampling: (1) the closed form demands O(N 2) complexity even with batch size P ~ O(1); (2) the integral form is
singular at k = k = 0, giving rise to significant variance. In this section, we will show that the idea of random mini-batch can now
be easily incorporated into the SOEwald2D algorithm based on the reformulation of Ewald2D proposed in Section 3.2, resulting in
the Random Batch SOEwald2D (RBSE2D) method, which can accurately satisfy the SPMF condition for quasi-2D geometry. Detailed
analyses will also be provided.

4.1. The O(N) stochastic algorithm

It has been shown in Egs. (64), (65) and (66) that, after applying the SOE approximation to U k , the Fourier space summation in
the SOEwald2D can be compactly written as

Z U;,SOE = Z OB (92)
k#0 k#0

where @(k) is defined as

N 2 2a\/; M w, lej<isN q,-qjeik'p’/ <2asle—kz,»/ _ Zke_‘”’z‘f)
k) = | ——— 3 — : 93)
xby 721 k(a*s; — k%)

Comparing to the original Ewald2D formula given in Section 2.2, one finds a Gaussian decay factor explicitly, which can be normalized
for the purpose of importance sampling. Thus, we take

—2 [(4a?)
hk) 1= S with H = Y K0 (94)
H
k#0
where H serves as a normalization factor. By the Poisson summation formula (see Lemma A.2), one has
_ aLxLy Z e—a(m)z‘L)z(+m§)L§) -1 (95)

” mx,myEZ

where m; = L¢k; /27 with ¢ € {x,y}. The computation of H is cheap, since Eq. (95) can be simply truncated to obtain a good
approximation. Generally speaking, m; = +2 is enough since a L; > 1. Then using the Metropolis algorithm [82,83] (see Appendix G),
a random mini-batch of frequencies {k, }qP=1 is sampled, and the Fourier component of energy can be approximated as:

P
kK k0 ._ H ¥ ~rB

2 Ussoe®Us, =5 2 70k, (96)

k#0 =1

where @RB(k) satisfies
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2
F(ye i = G(k) . ©7)

and the corresponding estimator of the force in Fourier space is given by

P
Yl = L == DV k. ©8)
k#0 n=1

Each @RB(k) and \ @RB(k) are pairwise summations, fit into the general form of Eq. (69), and can be efficiently computed using the
recursive procedure outlined in Egs. (71)-(73). Due to the use of importance sampling, it is ensured that the aforementioned random
estimators are unbiased and have reduced variances, which will be proven in Section 4.2. It is also worth noting that (1) the k =0
mode is excluded in the stochastic approximation and is always computed in an actual MD simulation. Since the averaged potential
for the 0th mode over the xy-plane equal to that of the exact 1/r potential, the SPMF condition [78] is satisfied (only up to an O(¢)
SOE approximation error); (2) for the k # 0 modes, random batch sampling is adopted, and it will be justified that P can be chosen
independent of N; typically, one can choose P ~ O(1).

In an actual MD simulation, one will utilize these unbiased estimators along with an appropriate heat bath to complete the particle
evolution. Except for the summation over Fourier modes k, the methods of the RBSE2D for other components of both energy and
force are the same as those in the SOEwald2D, and the algorithm is outlined in Algorithm 2.

We now analyze the complexity of the RBSE2D method per time step. Similar to the strategy in some FFT-based solvers [65,11],
one may choose a such that the time cost in real space is cheap and the computation in the Fourier space is accelerated. More
precisely, one chooses

N1/3
so that the complexity for the real space part is C; ~ O(N). By using the random batch approximation Eq. (96), the number of
frequencies to be considered is then reduced to O(P) per step, and the complexity for the Fourier part is O(PN), even for the
challenging cases where the system is ultra-thin, i.e., L, <min{L,, L }. These imply that the RBSE2D method has linear complexity
per time step if one chooses P ~ O(1), then by selecting a according to Eq. (99), the overall complexity of the RBSE2D is O(N) for
all quasi-2D system setups.

Algorithm 2 The random batch sum-of-exponentials Ewald2D method.

1: Input: Initialize the size of the simulation box (L,, L,, L,), as well as the positions, velocities, and charges of all particles. Choose a precision requirement € as
well as batch size P.
2: Precomputation: Determine Ewald splitting parameters a and s according to Egs. (99) and (34), respectively. Generate real space cutoff by r, = s/a. Construct
the SOE approximation of £*(k, z) and erf(az) following Section 3.1.
: procedure (RBSE2D)

P

Draw P frequencies {k, }'l using the Metropolis algorithm;

=1

3
4
5: Sort all the particles according to their z coordinates, such that z; <z, < < zy;
6: Compute unbiased Fourier space energy U;‘*"‘* by importance sampling Eq. (96);
7
8

Compute SOE-approximated zero-frequency part U?‘SOE according to Section 3.2.
3 Compute Uy, and Up,S via Egs. (22) and (45), respectively.
9: Compute U, by direct truncation in real space via Eq. (19) with cutoff r,.
10:  Compute U* = US™" + U Uy + U, + Uy
11: Compute forces F; via a similar procedure as that of U*.

12: end procedure
13: Output: Unbiased electrostatic energy U* and forces F;.

4.2. Consistency and variance analysis

In this section, we provide theoretical analysis for the RBSE2D method. We start with considering the fluctuations, i.e., the
stochastic error introduced by the importance sampling at each time step. The fluctuations for the Fourier space components of the
energy and the force acting on the ith particle are defined as follows:

E::Z(U}‘—U}/ﬂf’*) , and Xii=E<F’;’i—F’;:i) . (100)
k20 k20

Proposition 4.1 is obtained directly by the definition of the importance sampling:

Proposition 4.1. U:fo and F ’;io’i are unbiased estimators, i.e. EZ=0, Ey; =0, and their variances can be expressed by
2
H 2 2y |~ 1 - 12 /(402
= _H k2/(4a?) | ~RB _ 1 RB K2/ (4a?)
EE? = X Gk - = 3 5P ke (101)

k1 £0 ky#0

and
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(102)

Furthermore, under the Debye-Hiickel approximation, one has the following Lemma 4.2 for the upper bounds of random batch
approximations.

Lemma 4.2. Under the assumption of the DH theory, |g"®(k)| and |V, @"® (k)| have upper bounds

|5RB(k)|§22/;#(\/;+ ) v, NRB(k)| Dq [3+%<1+2\1/f£>], (103)
xy y V3

where A, represents the Debye length.

Proof. By the definition of @®B(k), one has

|(’5RB(k)| < U"( + (U")) (104)

o kz/(40(2) (‘ ¢,SOE

An estimation for the first term is given in Theorem 3.5. To estimate the second term, one may write Eq. (64) as

oikpij
Uf =577 Zq,q, Lz + E (2] - (105)

XY ]

Then using the integral representation of é* Eq. (51), one obtains the following estimate

e4a2 [§+(k z)+ & (k, z) /e_‘“ Mt 4 e” Z/e_”‘ztz_ktdt
- (106)
< 4—“ el =4
71'_00
By employing the DH approximation, one has
24/z220
~RB D ae
o] < 2= (Va+ ). 107
|7 w0] < L,Lk Ve g (107)
Similarly, by taking z-derivative of the integral form of ¢*, the following estimate holds:
o 9. [E(k,2) + & (k,2)] = “Xa, | 24 / ek gy
\/_ +z
< 20 | ke / okt gy | a2 (108)
b
—o0

<2+%>k.

Combining Lemma E.1 with Eq. (108) and using the DH approximation again give

e kz/(4a2) ( f|)

(109)
124
G, e (2]

L.L, Nz k

Finally, by Lemma 4.2, one has the following Theorem 4.3 for the boundness and convergence in the fluctuations originated from
the random batch approximation.

k
Uf SOE

V5| <

V,I_U}f‘+

Theorem 4.3. Under the assumption of the DH theory, further assume that the SOE approximation error € < 1. Then the variances of the
estimators of energy and forces have closed upper bounds

44/7a’(3 n:+a)ﬂ
Elz <2 Ve (110)
! LL

i 167°/% 43 aQ?

EE?<—=——P2 — |
P L.,
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Proof. By Proposition 4.1 and the definition of normalization factor H, one has

21 Z Z o3I/ (a) [aRB(kl)_aRB(kz)]z

PkI;EOkz;&O
2
_2 ~(k2+k2)/(4a®)~RB 7 \2 _ 2 —K2/(4a%)~RB
—;kZ A U A DI (k) a1
1#0 ky 0 k0
2H k2 /(4g2) |~ 2
< = Ze k2 /(4a )‘(pRB(k)| )
k#0

Then by using the upper bound of |(7)RB(k)| given in Lemma 4.2, one has
E=2 2)“4DQZH r e_kz/(4”‘2) \/— ae 24 K2dk
2 < + _)
7PL,L, / K2 ( S
ZTzr (112)
H 1673/2 13 aQ*
=P LI,

>

where the O(¢) and O(£2) terms are omitted. Analogously, the variance of force can be estimated by

2H 12 002 ~ 2

[El)(ilz < = Ze k”/(4a%) )Vr[(pRB(k)|

k0
2

>] Ark*dk (113)

44 X
Sﬂ/e—ﬁ/w% 3+ % [1+
2PL,L, J Nz

T
_H 4733\ + @) it g
=P L.L, '

2\/55
k

Finally, by definition Eq. (94), H has the following estimate:

< 2

H= Z e_kz/(4a2) < ﬁ /e—kz/(4a2)4ﬂ,k2dk < M . (114)
k#0 @n)? T

2

L

Substituting Eq. (114) into Eq. (113) gives E|y;|?> = O(1/P), and Eq. (113) clearly shows the independence of the estimate on the

particle number N. []

Theorem 4.3 has demonstrated that the variance of force scales as O(1/ P), unaffected by the growth of the system size N, provided
the same particle density p, or Debye length . This is crucial for its practical usage in MD simulations, where the dynamical evolution
typically relies on force calculations rather than energy. In the next section, analyses for the strong convergence of the random batch
MD will be discussed, which further supports this observation.

4.3. Strong convergence

In this section, the convergence of the random batch accelerated MD method, the RBSE2D, will be discussed based on the conclu-
sions given in Section 4.2.

One first introduces some additional notations. Let At be the discretized time step, and r;, m;, and p; represent the position,
mass, and momentum of the ith particle, respectively. In each time step of the simulation, the forces (energies) are computed, and the
dynamics are subsequently evolved. For ease of discussion, let’s consider the commonly used NVT ensemble. A thermostat is employed
to regulate the system’s temperature, ensuring that we sample from the correct distribution. Here, one considers the dynamics with
Langevin thermostat [2]:

dr; = &dt ,
m;
5 (115)
Pi Y
dp, = [Fi - y?”] dt+ FdWi ,
where W, are i.i.d. Wiener processes, y is the reciprocal characteristic time associated with the thermostat. Let (r}, p;) be the phase
space trajectory to Eq. (115), where the exact force F, is replaced by the random batch approximated stochastic force F; = F; — ;.

We further suppose that masses m; for all i are uniformly bounded. With these notations, the following theorem is introduced.
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Theorem 4.4. (Strong Convergence) Suppose for Vi, the force F; is bounded and Lipschitz and E y; = 0. Under the synchronization coupling
assumption that the same initial values as well as the same Wiener process W ; are used, then for any T > 0, there exists C(T') > 0 such that

N 172
sup ([E [LZ<|ri—rf|2+|p[—p7|2)]> < C(T)\VA(N)AL, (116)

1€[0.T] N

i=

where A(N) = ||E | x; |2 |l is the upper bound for the variance in the random batch approximated force. In the Debye-Hiickel regime, A(N)
is independent of N (see Theorem 4.3).

The proof of Theorem 4.4 is based on previous work [84,85] for the original random batch method [68]. However, it should
be noted that this theorem may fail to be applied to the RBSE2D method due to the singularity of Coulomb kernel at the origin,
which violates the required Lipschitz continuity and boundness conditions. Additionally, one may concern that the errors introduced
by the SOE approximation and Ewald decomposition might disrupt the convergence of the method. Rigorous justification of the
convergence could still be very challenging and remains open. Nevertheless, we argue that Theorem 4.4 may still hold in practice
for several reasons: (1) the Lennard-Jones (LJ) potential, commonly used in molecular dynamics simulations, models strong short-
range repulsion between particles, which may mitigate the effect of the singularity of Coulomb kernel; (2) the significant variance
reduction achieved through the importance sampling technique; and (3) the errors introduced by the Ewald decomposition and SOE
approximations can be effectively controlled according to the error estimates. Finally, numerical results presented in Section 5 also
validate the effectiveness of random batch method in capturing finite-time structures and dynamic properties, which aligns with the
conclusions of Theorem 4.4.

The introduced stochastic errors tend to cancel out over time due to the consistent force approximation. This “law of large numbers”
effect enables the random batch method to perform well in dynamical simulations, despite its single-step error not being as accurate
as other deterministic methods. For long-time simulations, a uniform-in-time error estimate has been established for the RBM [86],
under some stronger force regularity assumptions and suitable contraction conditions. We anticipate that this result will also apply to
our RBSE2D method for the reasons mentioned above; however, providing a rigorous justification remains challenging and an open
question.

4.4. Further discussions

In this section, further discussions about using the RBSE2D method for MD simulations under other thermostats and ensembles
are provided.

In practice, the Nosé-Hoover (NH) thermostat [87] is often adopted for the heat bath, instead of the Langevin thermostat. The
rigorous proof for the convergence of random batch approximated dynamics with the NH thermostat remains open, whereas we expect
Theorem 4.4 still holds. This is because the damping factor introduced in the NH allows adaptively dissipating artificial heat [88],
while preserving ergodicity and maintaining the desired Gibbs distribution under the NVT ensemble [89].

An interesting topic is whether the RBSE2D preserves the geometric ergodicity, which is crucial for assessing how quickly the
distribution converges to the invariant distribution. In a recent paper [90], the authors prove the ergodicity of random batch inter-
acting particle systems for overdamped Langevin dynamics with smooth interacting potentials. Though the singularity of Coulomb
potential may not be actually reached during the RBSE2D-based MD simulations, a rigorous justification of ergodicity remains a very
challenging problem, which will be left open for future explorations.

In line with discussions in [91], the RBSE2D-accelerated Langevin and NH dynamics can be extended to the NPT ensemble by
incorporating the approximation of the virial tensor. Other well-known integrators, such as Berendsen [92] and Martyna-Tuckerman-
Tobias-Klein [93], are also compatible with the RBSE2D. However, extending the RBSE2D to the NVE ensemble poses extra challenge
since the Hamiltonian system is disrupted by the random batch sampling, which can be resolved by a modified Newtonian dynam-
ics [94]:

Pi
drj=—dt, dp;= [F;— x| dt,
1’ 117)
dK = ; [Ho —H +E] dt .

Here, = and y; represent the fluctuations of energy and force, as defined in Eq. (100). K = ¥ |p,|>/2m; denotes the instantaneous
kinetic energy, and H,, and H represent the Hamiltonian at the initial and current time steps, respectively. The parameter y represents
the relaxation time, determining the interval between successive dissipations of artificial heat within the system. An optimal choice
for y typically falls in the range of 10 ~ 100A¢. It is worth noting that the distributions obtained using Eq. (117) have a small deviation
of O(Af? / P) compared to the correct NVE ensemble [94].

Finally, we discuss the parameter selection for the RBSE2D method. The accuracy is influenced by three key parameters: the
parameter s, which controls the truncation error of the Ewald summation; the number of exponentials M in the SOE, which governs
the SOE approximation error; and the batch size P, which affects the variance of the random batch approximation. For a prescribed
tolerance ¢, s and M can be determined using Eq. (34) and the convergence rate of the SOE method [60], respectively. One can
pick the proper s and M to ensure that errors from these two components are both at the O(¢) level. The determination of optimal
batch size P is system-dependent, relies on performing some numerical tests. Notably, it is empirically observed that a small P is
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Fig. 2. Accuracy in the electrostatic energy by the SOEwald2D method. (a): absolute error as a function of s; (b): relative error as a function of total number of ions
N with fixed ion density p,. Results with different number of exponentials M are considered.

sufficient, thanks to the importance sampling strategy for variance reduction. Numerical results in Section 5.2 show that choosing
P =100 is adequate for coarse-grained electrolytes. Regarding the computational complexity, by substituting Eq. (99) into Egs. (86)
and (87), one finds that the computational cost of the RBSE2D algorithm for the near-field grows cubically with s; while the cost for
the far-field grows linearly with M and P, and quadratically with s.

5. Numerical results

In this section, numerical results are presented to verify the accuracy and efficiency of the proposed methods. The accuracy
of the SOEwald2D method is first assessed by comparing it with the original Ewald2D summation. This analysis demonstrates the
convergence properties of the SOEwald2D method and its ability to maintain a uniformly controlled error bound. Subsequently, we
employ both the SOEwald2D and RBSE2D methods in MD simulations for three prototypical systems. These systems include 1 : 1
electrolytes confined by charge-neutral or charged slabs, as well as simulations of cation-only solvent confined by negatively charged
slabs. Finally, the CPU performance of the proposed methods is presented. All these calculations demonstrate the attractive features
of the new methods.

5.1. Accuracy of the SOEwald2D method

In order to verify the convergence of the SOEwald2D method discussed in Section 3.3, one considers a system with equal di-
mensions of L, = L, = L, = 100, containing randomly distributed 50 cations and 50 anions with strengths ¢ = +1, and confined by
neutral slabs. The original Ewald2D summation (outlined in Section 2.2) serves as a reference method. The Ewald splitting parameter
a is fixed as 0.1 for both the SOEwald2D and Ewald2D, and the cutoffs r, and k, are determined by Eq. (33).

The absolute error in electrostatic energy as a function of s is calculated. The results are presented in Fig. 2(a) for different
number of exponentials in the SOE. Specifically, M =4, 8 and 16 correspond to SOE approximation errors € = 107, 108, and 1014,
respectively. The convergence behavior depicted in Fig. 2(a) is consistent with our theoretical findings, demonstrating both a decaying
rate of O(e""z / s2) and a saturated precision of O(e) for the SOEwald2D method. We also investigate how the relative error in energy
varies as the system size scales, while keeping the density p, constant. The results presented in Fig. 2(b) reveal that the error is nearly
unaffected by the size of the system, which aligns with the analysis presented in Section 3.3.

As discussed at the end of Section 2.2, one notable drawback of the original Ewald2D method is the occurrence of catastrophic
error cancellation when the size of the non-periodic dimension increases. To quantify this effect, one shall study the absolute error
in electrostatic energy as a function of L,. The Ewald2D truncation parameter s = 3,4,5 are chosen for M = 4,8, 16, respectively,
to obtain optimal accuracy as is guided by Fig. 2 (a). The system consists of 100 uniformly distributed particles, with dimensions
L, = L, =100 along the periodic dimensions, and the Ewald parameter is set to be « =0.1. A double-precision floating-point (FP64)
arithmetic for both the Ewald2D and SOEwald2D methods is employed, while the reference solution is obtained using the Ewald2D
with a quadruple-precision floating-point (FP128) arithmetic, ensuring a sufficient number of significant digits. The results presented
in Fig. 3 clearly illustrate that the error of the Ewald2D method increases rapidly with L,. In contrast, the error of the SOEwald2D
method remains independent of L, for various values of s and M, thanks to its stable and well-conditioned summation procedure.

For many existing methods, the accurate evaluation of the forces exert on particles can be strongly influenced by the particle’s
location in z. Due to the uniform convergence of SOE approximation, our method does not suffer from this issue, which is illustrated
by two commonly employed examples that have been extensively studied in literature [11,95]. In the first example, one considers a
system consisting of 50 anions and 50 cations arranged in a cubic geometry with a side length of 100, along with neutral slabs. The

pointwise error of the force, represented as /&2 + %yz + &2, is calculated as a function of the particles’ z-coordinates. This evaluation

is conducted for various (s, M) pairs, with the Ewald splitting parameter a« = 0.1. Fig. 4(a) clearly demonstrates that the pointwise
error in force is independent with its relative position in z. In the second example, one considers a system of the same size but with
two non-neutral slabs. The surface charge densities are set as 6o, = oy, = —0.005, and the system contains 100 monovalent cations
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Fig. 3. The absolute error in electrostatic energy is evaluated for the SOEwald2D method using three sets of parameters, as well as for the Ewald2D method with s =5,
as a function of the system’s thickness L.
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Fig. 4. The absolute error in the pointwise electrostatic forces calculated using the SOEwald2D versus particles’ z-coordinates. Two different scenarios are considered:
(a) uniformly distributed 50 anions and 50 cations and (b) uniformly distributed 100 cations with surface charge densities o, = 6y, = —0.005.

such that the neutrality condition Eq. (35) is satisfied. Fig. 4(b) indicates that for such non-neutral slabs case, the pointwise error in
forces calculated by the SOEwald2D method remains independent with z.

5.2. Accuracy of the RBSE2D method

In contrast to the deterministic SOEwald2D and Ewald2D methods, the RBSE2D employs unbiased stochastic approximations and
its convergence should be investigated in the sense of ensemble averages, as has been carefully discussed in Sec. 4. Therefore, we
conduct a series of MD simulations to validate the accuracy of the ensemble averaged equilibrium and dynamical quantities such as
particles’ concentrations and mean-squared displacements (MSD) computed using the RBSE2D algorithm.

The first benchmark example is a coarse-grained MD simulation of 1 : 1 electrolytes in the NVT ensemble. Following the primitive
model [2], ions are represented as soft spheres with diameter ¢ and mass m, interacting through the Coulomb potential and a purely
repulsive shifted-truncated Lennard Jones (LJ) potential. The LJ potential is given by

Upy(r) = 4€[<%)12_<%)6+i]’ r<ru, (118)

0, rxry,

where r;; = 2!/%6 is the LJ cutoff, € = k5T is the coupling strength, k ; is the Boltzmann constant, and T is the external temperature.
The simulation box has dimensions L, = L, = 100¢ and L, = 300, where the ions confined within the central region by purely
repulsive LJ walls located at z =0 and z = 30c with e,,; = ¢;; and o,,,; = 0.50. The system contains 218 cations and anions, and
both two walls are neutral. The simulation is performed with the time step A =0.0017, where 7 = \/mo2/¢;; denotes the LJ unit of
time. The temperature is maintained by using a Nosé-Hoover thermostat [2] with relaxation times 0.1z, fluctuating near the reduce
external temperature T = 1. The system is first equilibrated for 5 x 10° steps, and the production phase lasts another 1 x 107 steps.
The configurations are recorded every 100 steps for statistics. Results produced by the SOEwald2D method with parameters a = 0.1,
s=4, and M = 8 serve as the reference solution, where £ ~ 1073,

The ion concentration along the z-direction is measured, and presented in Fig. 5. For the RBSE2D method, simulations with varying
batch sizes P are performed, while keeping other parameters fixed at « = 0.3, s =4, and M = 8. It is observed that the results for
all choices of P are in excellent agreement with those obtained using the accurate SOEwald2D method. Furthermore, one evaluates
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Fig. 5. (a) The concentration of cations along z, with subplot indicating the convergence in the relative error of the average electrostatic energy as a function of batch
size P; (b) and (c) the MSD profiles in xy and z against time for a 1 : 1 electrolyte confined by neutral slabs. Results by using different batch sizes P = 20,30, 60, 120
are shown.
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Fig. 6. Concentration of cations in z for (a) a 1 : 1 electrolyte confined between two charged slabs and (b) a cations-only system confined between two slabs, one of
which is charged to neutralize the system.

the MSDs along both the periodic dimensions (Fig. 5(a)) and the non-periodic dimension (Fig. 5(b)), which describe the particles’
anisotropic dynamic properties across a wide range of time scales. The RBSE2D methods for all P yield almost identical MSD results
as the SOEwald2D method. The confinement effect in z leads to a M .S D, profile that clearly indicates a subdiffusion, while MSD,,
exhibits a normal diffusion process. Clearly, the RBSE2D method successfully captures this anisotropic collective phenomenon.

To assess the performance of our RBSE2D method for systems with non-neutral slabs, one studiesa 1 : 1 electrolyte containing 218
anions and 218 cations with g = +1, and with surface charge densities o}, =0.0218 and o, = —0.0218. The simulation box is set to
be L, = Ly =100c and L, = 30c. The resulting equilibrium concentration of cations is shown in Fig. 6(a), indicating that results of
RBSE2D method with different batch sizes are in good agreement with that of the reference SOEwald2D method.

We further investigate the most challenging scenario for a system with free cations only, which are confined by non-neutral slabs,
so that boundary layers can form at the vicinity of the slabs. In particular, the system consists of 436 monovalent cations and is
confined by slabs with surface charge densities oy, =0 and o\, = —0.0436 to ensure overall charge neutrality. The concentration
of free ions is depicted in Fig. 6(b), exhibiting excellent agreement with the results obtained using the SOEwald2D method. These
findings indicate that choosing a small batch size P ~ O(1) is sufficient for generating accurate MD results by using the RBSE2D
method.
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Fig. 7. The CPU time cost for the Ewald2D, SOEwald2D, and RBSE2D methods versus the number of particles N, with fixed particle density p;.

5.3. CPU performance

The CPU performance comparisons among the SOEwald2D, RBSE2D, and the original Ewald2D methods are conducted for MD
simulations of 1 : 1 electrolyte systems with varying system sizes. All calculations are performed on a Linux system equipped with an
Intel Xeon Platinum 8358 CPU (2.6 GHz, 1 single core); and by using a self-developed package developed in Julia language. To ensure
a fair comparison, we maintain the same accuracy across all methods. We fix s =4 and set M = § for the SOE approximation, resulting
in errors at ~ 1078 for both the Ewald2D and SoEwald2D methods. Subsequently, we set the batch size as P = 120 for the RBSE2D
method, with which the RBSE2D-based MD simulations achieve the same accuracy as the SOEwald2D method, as has been illustrated
in the previous results. Finally, for each of the methods, the Ewald splitting parameter a is always adjusted to achieve optimal
efficiency. The CPU time comparison results are summarized in Fig. 7. It is evident that the CPU cost of the Ewald2D, SOEwald2D,
and RBSE2D methods scale as O(N?2), O(N /%), and O(N), respectively, which is consistent with our complexity analysis. Remarkably,
the RBSE2D method demonstrates a significant speedup of 3 x 103-fold compared to the Ewald2D for a system with N = 10* particles,
enabling large-scale MD simulations on a single core.

An additional observation is regarding the memory consumption and data input/output (I/O) on the maximum system size that
can be simulated using the same computational resources. In Fig. 7, it is demonstrated that when utilizing a single CPU core, the
Ewald2D and SOEwald2D methods are limited to simulating system sizes of up to about 3 x 10* and 3 x 10° particles, respectively. In
contrast, the RBSOEwald method can handle systems containing about 5 x 10° particles. This is attributed to the reduced number of
interacting neighbors that need to be stored in the RBSE2D algorithm, allowing a much smaller real space cutoff r,. This significant
saving in memory consumption is achieved by the algorithm developed in this study, highlighting its potential as an effective algorithm
framework for large-scale simulations of quasi-2D Coulomb systems.

6. Conclusions

We have proposed the random batch SOEwald2D (RBSE2D) method for MD simulations of doubly periodic systems confined by
charged slabs. The method utilizes Ewald splitting, and employs the SOE approximation in the non-periodic dimensions and the
random batch importance sampling technique for efficient treatment of the Fourier sum in the periodic dimensions. Compared to the
original Ewald2D summation, the RBSE2D avoids exponential blowup, and reduces the computational complexity from O(N?2) to O(N)
as well as memory consumption. Extensive MD simulations are performed to demonstrate the excellent accuracy and performance of
the RBSE2D method.

The SOEwald2D can be easily extended to handle other interaction kernels, such as dipolar crystals and Yukawa potentials [7,96],
by utilizing kernel-independent SOE methods such as the VPMR [60]. Our future work will focus on incorporating such techniques into
large scale numerical simulations involving long-range interaction kernels. We also aim to address the issue of dielectric mismatch,
which is important in investigating the interfacial phenomena in electrodes and polyelectrolyte materials [97,98]. Additionally, we
will explore CPU/GPU-based parallelization to further enhance our research.
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Appendix A. Fundamental results from Fourier analysis
In this appendix, we state several fundamental results from Fourier analysis for doubly periodic functions, associated with the

Fourier transform pair defined in Definition 2.3. These results are useful for us, and their proofs are well established and can be
referenced in classical literature, such as in the work of Stein and Shakarchi [99].

Lemma A.1. (Convolution theorem) Let f(p,z) and g(p, z) be two functions which are periodic in p and non-periodic in z. Suppose that f
and g have Fourier transform f and g, respectively. Their convolution is defined by

u(p,z) :=(f * g)(p.z) = / / flp—p'.z—2Ng(p',2dz'dp’, (A1)
R R
satisfying
ik, k) = f(k,x)8(k,K). (A.2)

Lemma A.2. (Poisson summation formula) Let f(p, z) be a function which is periodic in p and non-periodic in z. Suppose that f has Fourier
transform f and r = (p, z). Then one has

Y fr+M= P L 3 D / Flk, x)elkPelvz gy . (A.3)

mez? XY ke

Lemma A.3. (Radially symmetric functions) Suppose that f(p, z) is periodic and radially symmetric in p, ie., f(p,z) = f(p,z). Then its
Fourier transform f is also radially symmetric. Indeed, one has

(o)

flo.ny=2x / Jokp)f (p. 2)pdp . (A4)

0
Appendix B. Proof of Lemma 2.4

By applying the Fourier transform to Poisson’s equation

—Ap,(p,z)=4rg(p,z) * (p,z), (B.1)
one obtains
N
bk, k)= 2g(k K)F(k, k) with Z(k,x)= ) qe K Pie™ (B.2)

Jj=1

via the convolution theorem and the Poisson summation formula (see Lemmas A.1 and A.2, respectively). Applying the inverse Fourier
transform to Eq. (B.2) yields

o~ (K*+K?)/(4a?) )
,Z e PP omik(=2) gpe 4 0 (2) B.3
belo.)= o ,Zlq’,;]/ — e #(2) 3)

where q.':';(z) is the contribution from zero mode. From [62], one has
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—(kK2+K2)/(4a?) .
/ e — K2 gpe = % [67(k, 2) + € (k, 2)] (B.4)
R

for k # 0, where £*(k, z) are defined via Eq. (51). Substituting Eq. (B.4) into the first term of Eq. (B.3) yields (j)l;(r) defined via
Eq. (24).

By Theorem 2.1, the zero-frequency term qbg(z) always exists and its derivation is very subtle. Let us apply the 2D Fourier transform
(see Lemma A.3) to Poisson’s equation (B.1) only on periodic dimensions, and then obtain

(0% + kD), (k, 2) = dng(k, z) +, (k. 2), ®5)
where #, indicates the convolution operator along z dimension. Simple calculations suggest
N H 2 2 2,2
Bk.2)= Y qe*Pis(z—z)), and F(k,z)= —e K /G (B.6)
j=1 Vz

The solution of Eq. (B.5) for k = 0 can be written as the form of double integral that is only correct up to a linear mode,

P(2)=— -, 7(0.2))dzydz, + Agz + By
e (B.7)
—ocz(z—zj)2
qu [ zj+(z—zj)erf(a(z—zj))+ew] +Aygz+ By .
X y J

To analyze the short-range component ¢,(p, z) using a procedure similar to Eqgs. (B.1)-(B.4), one obtains

N
#(2)=—+— hm [2e—k‘z| Er(k,z)— & (k,2)]
LxL
(B.8)
N 2 2
2r e~z
= q; |z — z~|+(z—z-)erf a(z—z;))+ —| .
LxLy j; J |: J ( J ) \/;a
Since ¢(S)(z) + qbg(z) matches the boundary condition Eq. (6) as z — +oc0 and by the charge neutrality condition, one solves
» N
T
Ag= q;z=0, and By=-—— q.zZ;. (B.9)
LxLy; i LXLy; a
This result finally gives
N 2 2
2r e 7z
P(z)=— q; |(z—zperf (a(z - z;)) + ——| . (B.10)
L.L, ,Z{ / / ! Vra

Appendix C. The ideal-gas assumption for error analysis

Let y represent a statistical quantity in an interacting particle system, and we aim to analyze its root mean square value given by

(C.1

where S; denotes the quantity associated with particle i (e.g., energy for one dimension or force for three dimensions). Assume that
y; takes the form

vi=4q ) 4¢; (C.2)
J#i
due to the superposition principle of particle interactions, which implies that the total effect on particle i can be expressed as the

sum of contributions from each i — j pair (including periodic images). Here, {;; represents the interaction between two particles. The
ideal-gas assumption leads to the following relation

<§ij§fk>:5jk <§,2,> 5=5jkC2» (€.3)

where the expectation is taken over all particle configurations, and ¢ is a constant. This assumption indicates that any two different
particle pairs are uncorrelated, and the variance of each pair is expected to be uniform. In the context of computing the force variance
of a charged system, this assumption implies that
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<||'I/i||2>=‘1,-2 2 q;4; <€ij€ik>’®lqi2C2Q» (C.9)

Jok#i
where Q represents the total charge of the system. By applying the law of large numbers, one obtains sy ~ {Q/+/ N, which can be
utilized for the mean-field estimation of the truncation error.

Appendix D. Proof of Theorem 2.5

We begin by considering the real space truncation error of electrostatic potential
erfe(alr;; + M|)
Epromr)= Y g (D.1)
¢\ e i J
[rij+M|>r, |rfJ' +M|

for ith particle, which involves neglecting interactions beyond r,. By the analysis in Appendix C, this part of error can be approximated
by 6&,_ with

N 0
1 erfc(ar)? 4rQ
5zg¢s = v Zqug/r—24ﬂr2dr: TQS((Z,VC), (D2)
J= r,
where @,(a,r,) is defined via Eq. (29). Note that the erfc(r) function satisfies ([100], pp. 109-112)

2 00
" 1 _

fe(r) = e (=" (= (2m+1) (D.3)
erfe(r \/j_r mZ;:) <2>mz

as r — oo, where (x),, = x(x — 1) - (x = m+ 1) = x! /(x — m)! denotes the Pochhammer’s symbol. Substituting Eq. (D.3) into Eq. (D.2)
and truncating at m = 1 yields Eq. (30).
The Fourier space error, by Appendix B, is given by

o= (2 +KD)/(4a?) .
&y, (ke @)(r)) = 2 4 ) / ok PP T2 gy (D.4)
[ J 2 2
LxLy =Kk g k* +x
For a large k., one can safely replace the truncation condition with |k + k| > k., resulting in

1 2n

N ()
%¢f(kc’a)(ri)'\’%z ///e_kz/(4a2)e_ik’ffm“’dﬁdcoscpdk
j=1

e (D.5)

sm(kr,/) K2 J(4a?) f
qu kr dk .

Here, the summation over Fourier modes is approximated using an integral similar to Eq. (82), and one chooses a specific (k, 0, ¢) so
that the coordinate along cos @ of k is in the direction of a specific vector r, and k - r = krcos . The resulting formula is identical to
Eq. (21) in [37] for the fully-periodic case, and 6 %¢ , can be derived following the approach in [37].

Appendix E. Force expression of the SOEwald2D

The Fourier component of force acting on the ith particle can be evaluated by taking the gradient of the energy with respect to
the particle’s position vector r;,

0
F/ NF[SOE -V, UfSOE_ ZV /5013 -V, UfSOE (E.D)
where
k 74; k k
Vi Upsor =~ Z 4;Vy, Pgop(TiT) + Z 4;Vr, @sop o1 | > (E.2)
L.L, 1<j<i i<j<N
2rq;
0o _ i 0 0
Vi Upsor = L [1<z,:-<i 4V @gop(rinT)) + i<j2<N q;V,, (pSOE(rj,r,-)] : (E.3)

Using the approximation Egs. (66), (56) and (57), one can write the derivative in periodic directions as
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ike'kPij

&3 (s 2i)) + &y (s 2]
w (E.4)

k
9p, PsopTi-Tj) =

Daek*/@a®)

=2 ikelkry L (Zas,e_kz"/ - 2ke_‘”’Z'/') s
262 _ 12
7k o a?st—k
and in z direction as
k eik'l’ij . 3
0., Phop(rir) = = |0 &4y oz + 0., 5, (k)|

E.5)
—K2/4a?) M w (
= 2ee” T ki — (—2as e ¥ 4 2as eI
22 2 ! !
VT o atsi—k
The partial derivatives of zero-frequency mode with respect to the periodic directions are zero, and the SOE approximation of its
z-derivative is given by

M
w 2z, 2z,
0., Wop(rir) = Y, —=0;, [ —+ (l - _U> e_nslz'j]

= \/r S a s

< w [2 2 _
= Z — [— - <s, + = —2az[j> e ‘”’ZU] .
= VL 51
It is important to note that the computation of Fourier space forces using Eq. (E.1) follows a common recursive procedure with
energy, since it has the same structure as given in Eq. (69), and the overall cost for evaluating force on all N particles for each k
point also amounts to O(N), and the resulting SOEwald2D method is summarized in Algorithm 1.

Moreover, Lemma E.1 establishes the overall error on forces F;, and the proof follows an almost similar approach to what was
done for the energy.

(E.6)

Lemma E.1. The total error of force by the SOEwald2D is given by
_o ; k 0
Er, 1= Ep +Epi + Y& son T Ehi son (E.7)
k#0 1 1
where the first two terms are the truncation error and provided in Proposition 2.6. The remainder terms

k . pki_ pki 0 B N V]
%F{,SOE = F1 FLSOE, and %F{’SOE = F1 FLSOE (E.8)
are the error due to the SOE approximation as Egs. (E.1)-(E.5). Given SOE parameters w; and s, along with the ideal-gas assumption, one
has the following estimate:

44/wA2(1 +2a)L
AVEA 1+ 20L e (E.9)

k ) 0
Z & ' S0 < \/E/lDa qre, and %F{.’SOE < T I
k#0 x ™y

Appendix F. The Debye-Hiickel approximation

Under the DH approximation, one is able to estimate functions associated with the i-th particle in the form:

Gr)=Y g, i f(z,), (F.1)
J#i
where | f(z;;)| is bounded by a constant C, independent of z;;. The DH theory considers the simplest model of an electrolyte solution
confined to the simulation cell, where all N ions are idealized as hard spheres of diameter r, carrying charge +q at their centers.
The charge neutrality condition requires that N, = N_ = N /2. Let us fix one ion of charge +¢ at the origin r = 0 and consider the
distribution of the other ions around it.
In the region 0 < r < r,, the electrostatic potential ¢(r) satisfies the Laplace equation —A¢(r) = 0. For r > r,, the charge density
of each species is described by the Boltzmann distribution p, (r) = +qe¥P49" /2 with number density p, = N /V. In this region, the
electrostatic potential satisfies the linearized Poisson-Boltzmann equation [10]:

—A(r) =27 [qp,e P19 — qp,e*P4 0| % —Anpg’p,(r) (F.2)
and its solution is given by
I
4zr  4r(l+xa)’ a’
P(r) = Ka ,—Kr (F.3)
ge<le
—, rzrg,
4zr(l + ka)
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where k = 1/f¢2p denotes the inverse of Debye length Ap,. By this definition, the net charge density for r > r, is p,.(r) = —k2(r). Let
us fix r; at the origin. Given these considerations, for r > r,, one obtains the following estimate:

Q

gl ps(Ne kP f(z)dr
[R3\B(r,,ra)
q;Cre* r e K" *5

< J
~ 4z(l + kxa) r
a

dzridr

_ 2
= ql-CfﬂD .

It is remarked that upper bound Eq. (F.4) is derived under the continuum approximation. In the presence of surface charges,
the charge distribution along the z-direction may lack spatial uniformity. However, due to the confinement of particle distribution
between two parallel plates, the integral in Eq. (F.4) along the z-direction remains bounded. An upper bound in the form of |€(r;)| <
C,Cq; can still be expected, where C; is a constant related to the thermodynamic properties of the system.

Appendix G. The Metropolis algorithm

In practice, the Metropolis algorithm [82,83] is employed to generate a sequence {k,, } P _, from A(k). Since ko L =27xm with m an
integer vector, one can conveniently sample from the discrete distribution H(m) = h(k) to equivalently generate k. Once the current
state of the Markov chain m, = m°4 is known, the algorithm generates a random variable m* with mg‘ ~ NIO, ((fo)z / 272], which is

the normal distribution with mean zero and variance (oth)2 /27%. The new proposal is taken as m"" = round(my, m;). To determine
the acceptance rate, one obtains the proposal probability

new |, oldy _ new | -old
gm™m* = T qommg') G.1)
¢e{xy}
where

new_ 1
m. "+ 3

¢
new .. oldy _ T —7212 J(aL¢)?
q(mz |my )—‘/—(MLE)2 / e 7 dt
Tomew—
&

T (G.2)
erf R mhew =0
2aL; <

1, 2Q2lmE |+ 1) 22|m| = 1)

- lerf{ —— | —erf{ ——— , mW£0.
2 2aL5 2aL5 ¢

[SIE

It is worth noting that the proposal distribution g(m"¥|m°4) in the Metropolis algorithm presented here does not depend on the
current state m®d. The Metropolis acceptance probability is computed using the formula:

(}_{(mnEW)q(mold|mnEW) |
H(mold)g(mnew | mold) ’

If the proposal is rejected, then m, | = m,. If m"®" is accepted, then m,,; = m"*". The sampling procedure has a small error since
H(m"VW) ~ g(m™"|m°9). Our numerical experiments show an average acceptance rate of over 90%. Additionally, one can set an

integer downsampling rate &, where only one sample is taken from every & samples, to reduce the correlation between batches in
the Metropolis process.

(G.3)

a(m™®" |m°'Y) : = min {

Data availability
Data will be made available on request.

References

[1] J.D. Anderson, J. Wendt, Computational Fluid Dynamics, vol. 206, Springer, 1995.

[2] D. Frenkel, B. Smit, Understanding Molecular Simulation: From Algorithms to Applications, Elsevier, 2023.

[3] X. Liu, M.C. Hersam, 2D materials for quantum information science, Nat. Rev. Mater. 4 (10) (2019) 669-684.

[4] H. Kawamoto, The history of liquid-crystal display and its industry, in: 2012 Third IEEE History of Electro-Technology Conference (HISTELCON), 2012, pp. 1-6.

[5] B. Hille, Ionic Channels of Excitable Membranes, Oxford University Press, 2001.

[6] L.-W. Teng, P.-S. Tu, L. I, Microscopic observation of confinement-induced layering and slow dynamics of dusty-plasma liquids in narrow channels, Phys. Rev.
Lett. 90 (2003) 245004.

28


http://refhub.elsevier.com/S0021-9991(25)00016-6/bib1AA1E85035FFFEF01708706BD5639BD9s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib4225B234F85BA9700E6737B978FD7E40s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib804C01D2C45CFCD648EFD79FA0EC93FDs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibEDD99EF20E774A62A1EF56C62EA0740Fs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib35E6B6ABF2DB7DFA3292035DB9597A4Bs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib684880FEECB70C95B7CB8C30152100E5s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib684880FEECB70C95B7CB8C30152100E5s1

Z. Gan, X. Gao, J. Liang et al.
Journal of Computational Physics 524 (2025) 113733

[7] L. Spiteri, R. Messina, Dipolar crystals: the crucial role of the clinohexagonal prism phase, Phys. Rev. Lett. 119 (2017) 155501.
[8] M. Mazars, Long ranged interactions in computer simulations and for quasi-2D systems, Phys. Rep. 500 (2011) 43-116.
[9] Y. Saito, T. Nojima, Y. Iwasa, Highly crystalline 2D superconductors, Nat. Rev. Mater. 2 (1) (2016) 1-18.
[10] Y. Levin, Electrostatic correlations: from plasma to biology, Rep. Prog. Phys. 65 (11) (2002) 1577.
[11] D. Lindbo, A.-K. Tornberg, Fast and spectrally accurate Ewald summation for 2-periodic electrostatic systems, J. Chem. Phys. 136 (16) (2012) 164111.
[12] F. Nestler, M. Pippig, D. Potts, Fast Ewald summation based on NFFT with mixed periodicity, J. Comput. Phys. 285 (2015) 280-315.
[13] Y.-P. Huang, Y. Xia, L. Yang, Y.Q. Gao, PMC-IZ: a simple algorithm for the electrostatics calculation in slab geometric molecular dynamics simulations, J. Chem.
Theory Comput. 20 (2024) 832-841.
[14] O. Maxian, R.P. Peldez, L. Greengard, A. Donev, A fast spectral method for electrostatics in doubly periodic slit channels, J. Chem. Phys. 154 (20) (2021)
204107.
[15] L. Greengard, V. Rokhlin, A fast algorithm for particle simulations, J. Comput. Phys. 73 (2) (1987) 325-348.
[16] J. Barnes, P. Hut, A hierarchical O(N log N) force-calculation algorithm, Nature 324 (6096) (1986) 446-449.
[17] W. Yan, M. Shelley, Flexibly imposing periodicity in kernel independent FMM: a multipole-to-local operator approach, J. Comput. Phys. 355 (2018) 214-232.
[18] J. Liang, J. Yuan, E. Luijten, Z. Xu, Harmonic surface mapping algorithm for molecular dynamics simulations of particle systems with planar dielectric interfaces,
J. Chem. Phys. 152 (13) (2020) 134109.
[19] A. Arnold, C. Holm, A novel method for calculating electrostatic interactions in 2D periodic slab geometries, Chem. Phys. Lett. 354 (3) (2002) 324-330.
[20] D.J. Hardy, Z. Wu, J.C. Phillips, J.E. Stone, R.D. Skeel, K. Schulten, Multilevel summation method for electrostatic force evaluation, J. Chem. Theory Comput.
11 (2) (2015) 766-779.
[21] L. Greengard, S. Jiang, A dual-space multilevel kernel-splitting framework for discrete and continuous convolution, arXiv:2308.00292.
[22] L.-C. Yeh, M.L. Berkowitz, Ewald summation for systems with slab geometry, J. Chem. Phys. 111 (7) (1999) 3155-3162.
[23] A. Arnold, J. de Joannis, C. Holm, Electrostatics in periodic slab geometries. I, J. Chem. Phys. 117 (6) (2002) 2496-2502.
[24] D. Parry, The electrostatic potential in the surface region of an ionic crystal, Surf. Sci. 49 (2) (1975) 433-440.
[25] D. Shamshirgar, J. Bagge, A.-K. Tornberg, Fast Ewald summation for electrostatic potentials with arbitrary periodicity, J. Chem. Phys. 154 (16) (2021) 164109.
[26] F. Vico, L. Greengard, M. Ferrando, Fast convolution with free-space Green’s functions, J. Comput. Phys. 323 (2016) 191-203.
[27] A.H. Barnett, G.R. Marple, S. Veerapaneni, L. Zhao, A unified integral equation scheme for doubly periodic Laplace and Stokes boundary value problems in two
dimensions, Commun. Pure Appl. Math. 71 (11) (2018) 2334-2380.
[28] R. Pei, T. Askham, L. Greengard, S. Jiang, A fast method for imposing periodic boundary conditions on arbitrarily-shaped lattices in two dimensions, J. Comput.
Phys. 474 (2023) 111792.
[29] S.W. de Leeuw, J.W. Perram, E.R. Smith, J.S. Rowlinson, Simulation of electrostatic systems in periodic boundary conditions. I. Lattice sums and dielectric
constants, Proc. Math. Phys. Sci. 373 (1752) (1980) 27-56.
[30] E.R. Smith, Electrostatic potentials in systems periodic in one, two, and three dimensions, J. Chem. Phys. 128 (17) (2008) 174104.
[31] D.M. Heyes, M. Barber, J.H.R. Clarke, Molecular dynamics computer simulation of surface properties of crystalline potassium chloride, J. Chem. Soc. Faraday
Trans. II 73 (7) (1977) 1485-1496.
[32] S.W. De Leeuw, J.W. Perram, Electrostatic lattice sums for semi-infinite lattices, Mol. Phys. 37 (4) (1979) 1313-1322.
[33] P.P. Ewald, Die Berechnung optischer und elektrostatischer Gitterpotentiale, Ann. Phys. 369 (3) (1921) 253-287.
[34] A.-K. Tornberg, The Ewald sums for singly, doubly and triply periodic electrostatic systems, Adv. Comput. Math. 42 (2016) 227-248.
[35] A. Grzybowski, E. Gw6zdz, A. Brédka, Ewald summation of electrostatic interactions in molecular dynamics of a three-dimensional system with periodicity in
two directions, Phys. Rev. B 61 (2000) 6706-6712.
[36] J.-P. Hansen, I.R. McDonald, Theory of Simple Liquids: With Applications to Soft Matter, Academic Press, 2013.
[37] J. Kolafa, J.W. Perram, Cutoff errors in the Ewald summation formulae for point charge systems, Mol. Simul. 9 (5) (1992) 351-368.
[38] L. Verlet, Computer “experiments” on classical fluids. I. Thermodynamical properties of Lennard-Jones molecules, Phys. Rev. 159 (1967) 98-103.
[39] M.P. Allen, D.J. Tildesley, Computer Simulation of Liquids, Oxford University Press, 2017.
[40] J. Liang, Z. Xu, Y. Zhao, Random-batch list algorithm for short-range molecular dynamics simulations, J. Chem. Phys. 155 (4) (2021) 044108.
[41] R. Messina, Effect of image forces on polyelectrolyte adsorption at a charged surface, Phys. Rev. E 70 (2004) 051802.
[42] K. Breitsprecher, P. KoSovan, C. Holm, Coarse-grained simulations of an ionic liquid-based capacitor: I. Density, ion size, and valency effects, J. Phys. Condens.
Matter 26 (28) (2014) 284108.
[43] A. Moreira, R. Netz, Simulations of counterions at charged plates, Eur. Phys. J. E 8 (2002) 33-58.
[44] A.P. dos Santos, M. Girotto, Y. Levin, Simulations of Coulomb systems confined by polarizable surfaces using periodic Green functions, J. Chem. Phys. 147 (18)
(2017) 184105.
[45] S.Yi, C. Pan, Z. Hu, Note: a pairwise form of the Ewald sum for non-neutral systems, J. Chem. Phys. 147 (12) (2017) 126101.
[46] L. Li, J. Liang, Z. Xu, A note on accurate pressure calculations of Coulomb systems with periodic boundary conditions, arXiv:2406.05627.
[47]1 W. Wiscombe, J. Evans, Exponential-sum fitting of radiative transmission functions, J. Comput. Phys. 24 (4) (1977) 416-444.
[48] J.W. Evans, W.B. Gragg, R.J. LeVeque, On least squares exponential sum approximation with positive coefficients, Math. Comput. 34 (149) (1980) 203-211.
[49] S. Jiang, L. Greengard, Efficient representation of nonreflecting boundary conditions for the time-dependent Schrodinger equation in two dimensions, Commun.
Pure Appl. Math. 61 (2) (2008) 261-288.
[50] G. Beylkin, L. Monzén, On approximation of functions by exponential sums, Appl. Comput. Harmon. Anal. 19 (1) (2005) 17-48.
[51] G. Beylkin, L. Monzén, Approximation by exponential sums revisited, Appl. Comput. Harmon. Anal. 28 (2) (2010) 131-149.
[52] J. Weideman, Improved contour integral methods for parabolic PDEs, IMA J. Numer. Anal. 30 (1) (2010) 334-350.
[53] J. Wang, L. Greengard, An adaptive fast Gauss transform in two dimensions, SIAM J. Sci. Comput. 40 (3) (2018) A1274-A1300.
[54] F.F. Lin, Numerical Inversion of Laplace Transforms by the Trapezoidal-Type Methods, Oregon State University, 2004.
[55] I Gavrilyuk, V.L. Makarov, Exponentially convergent parallel discretization methods for the first order evolution equations, J. Comput. Methods Appl. Math.
1(4) (2001) 333-355.
[56] M. Lépez-Fernandez, C. Palencia, On the numerical inversion of the Laplace transform of certain holomorphic mappings, Appl. Numer. Math. 51 (2) (2004)
289-303.
[57] L.N. Trefethen, J.A.C. Weideman, T. Schmelzer, Talbot quadratures and rational approximations, BIT Numer. Math. 46 (2006) 653-670.
[58] S. Jiang, L. Greengard, Approximating the Gaussian as a sum of exponentials and its applications to the fast Gauss transform, Commun. Comput. Phys. 31 (1)
(2022) 1-26.
[59] L. Greengard, S. Jiang, Y. Zhang, The anisotropic truncated kernel method for convolution with free-space Green’s functions, SIAM J. Sci. Comput. 40 (6) (2018)
A3733-A3754.
[60] Z. Gao, J. Liang, Z. Xu, A kernel-independent sum-of-exponentials method, J. Sci. Comput. 93 (2) (2022) 40.
[61] J. Liang, Z. Gao, Z. Xu, A kernel-independent sum-of-Gaussians method by de la Vallée-Poussin sums, Adv. Appl. Math. Mech. 13 (5) (2021) 1126-1141.
[62] F. Oberhettinger, L. Badii, Tables of Laplace Transforms, Springer Science & Business Media, 2012.
[63] T. Myint-U, L. Debnath, Linear Partial Differential Equations for Scientists and Engineers, Springer Science & Business Media, 2007.
[64] Z. Gimbutas, N.F. Marshall, V. Rokhlin, A fast simple algorithm for computing the potential of charges on a line, Appl. Comput. Harmon. Anal. 49 (3) (2020)
815-830.

29


http://refhub.elsevier.com/S0021-9991(25)00016-6/bibA642B07B7AF87F44E42E828D05086886s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib7B38CD40035207F7B0E76362DED7D4CFs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibA1D2A76A9A47A618F3399BB82E3C4A8As1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib67EFEAA3181ED22F04FCC2C9A5ADA726s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib2FFD5415FB65D4B4A539F86B5475369As1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib0D8304BB79877F1219CDF56BA43391F0s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib432E3E34F2A454A718B6EBCA8A7CF7D7s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib432E3E34F2A454A718B6EBCA8A7CF7D7s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibFAC78F5205D1B7A230F3643B57D0CC2Ds1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibFAC78F5205D1B7A230F3643B57D0CC2Ds1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib340F0D5E641E8F842BA4A7F8927EF154s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibC58E5FCAE2BC54BB04E0DAA1DA77E040s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib68DE148842C632801475343F70315E15s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibC387375A066BA9392FF8F858A2B8F3E4s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibC387375A066BA9392FF8F858A2B8F3E4s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib670D7FD1DB6C3E776C37B828D0F8D175s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibDB477E20B52D4C86880B3F2B524B2D59s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibDB477E20B52D4C86880B3F2B524B2D59s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib8FA7BEDF8F71A97DB02CD4852BC77427s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib749A41DDE23BF89D0F87056FB967AC06s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib088D9161A22BFA39C80688DFC7793822s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibE3F6EE1B7E7B08757FB9EDF480D74E80s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib1EF0121AF4A9FC17D5C3E55C8D3D2FDFs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib54E773681828B84831A86464896A87ACs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib8BF1C1A41AB0182659FA646218178847s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib8BF1C1A41AB0182659FA646218178847s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib1E11D3C9523067363E0A7415CC4C0E4Ds1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib1E11D3C9523067363E0A7415CC4C0E4Ds1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibF515148713F2FEB267233B4ED70EE7B6s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibF515148713F2FEB267233B4ED70EE7B6s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibA6CE586AF810CBCCEFBE444DDE2BD308s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib3B7AB705A9E7E59CD3677314E1A5463Bs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib3B7AB705A9E7E59CD3677314E1A5463Bs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib6590A929DAA630D83EFB223D93621AFAs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib2179490020478AC61CE0F03809E9A302s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib2611CCBE5CD70CC5EE1840284B017726s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib2CC9B46880C38AF2EF3D02EBF36F2D74s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib2CC9B46880C38AF2EF3D02EBF36F2D74s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib4A4CBF5DB40BA2ED102E6679A10799FBs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib1A76901BD498FF0EA06EAACAA85D63A3s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib4B80A6AC36425466824602DDD384492As1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib294F0BACBD2EFE86D6105DEC894D3FB0s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib946125E39EC4973E1B9762AECA9285D7s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib19CA0783E53DE7EC9DAC937BBD98D65Fs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibE3D5C2C78F8EA3BA91AE904560EBB144s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibE3D5C2C78F8EA3BA91AE904560EBB144s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibADDF0E2CCB55E2B35AAD2B145CE7B575s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibF2CBF3EEBBBF4A2EA2F6892BD382A9FFs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibF2CBF3EEBBBF4A2EA2F6892BD382A9FFs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibC05A86BC195118E86071687D113B875Cs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibD48788A705FC2105A2F49A3AD8943069s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibED166EDA0B7A0B78A987076440599E6Es1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib2222C41BAB3404394F732E3F6AA4FB9Bs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibD670375489ACF081CCB5E64A789200A1s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibD670375489ACF081CCB5E64A789200A1s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib92448DB917AE2C682FA19E0A0356397Cs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibDF00F5158E1C5A0DFC67BDB60FCD7164s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib3109FE2389944F4D7BBB5804FCB1EC24s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibC7E415EC7580D3A1A275FAD820C967E2s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib0A45257D497E120B465814748E8CB836s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib24E69D4509051798AB99175DF0993F1As1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib24E69D4509051798AB99175DF0993F1As1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibF2FA3DE0ECCCF38029B59ED4F66EC43Bs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibF2FA3DE0ECCCF38029B59ED4F66EC43Bs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib0E60CD708BAA34155C9C99E5DC188DD6s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib1478EDA5D5A214A12D33BCF174DFAF46s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib1478EDA5D5A214A12D33BCF174DFAF46s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibA8EB41263A01BFAFD36710DFD629185Cs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibA8EB41263A01BFAFD36710DFD629185Cs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib0E39B1F7900FC09D72788E175C059591s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib7CA362D7C4184D2569F39C0D2166CA19s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib6AD1B6F6DC2745D98C2378C54836C1A2s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibD75D61D24419EF0CBCEB17D36043978Bs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib82DF274A0F4BB1C2495A5B03A4B4CB6Fs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib82DF274A0F4BB1C2495A5B03A4B4CB6Fs1

Z. Gan, X. Gao, J. Liang et al.
Journal of Computational Physics 524 (2025) 113733

[65] M. Deserno, C. Holm, How to mesh up Ewald sums. II. An accurate error estimate for the particle-particle-particle-mesh algorithm, J. Chem. Phys. 109 (18)
(1998) 7694-7701.

[66] T.H. Cormen, C.E. Leiserson, R.L. Rivest, C. Stein, Introduction to Algorithms, MIT Press, 2022.

[67] H. Robbins, S. Monro, A stochastic approximation method, Ann. Appl. Stat. 22 (3) (1951) 400-407.

[68] S. Jin, L. Li, J.-G. Liu, Random batch methods (RBM) for interacting particle systems, J. Comput. Phys. 400 (2020) 108877.

[69] S. Ghadimi, G. Lan, H. Zhang, Mini-batch stochastic approximation methods for nonconvex stochastic composite optimization, Math. Program. 155 (1-2) (2016)
267-305.

[70] L. Li, Z. Xu, Y. Zhao, A random-batch Monte Carlo method for many-body systems with singular kernels, SIAM J. Sci. Comput. 42 (3) (2020) A1486-A1509.

[71] D. Ko, E. Zuazua, Model predictive control with random batch methods for a guiding problem, Math. Models Methods Appl. Sci. 31 (08) (2021) 1569-1592.

[72] S. Jin, L. Li, Random batch methods for classical and quantum interacting particle systems and statistical samplings, arXiv:2104.04337.

[73] S. Jin, L. Li, Z. Xu, Y. Zhao, A random batch Ewald method for particle systems with Coulomb interactions, SIAM J. Sci. Comput. 43 (4) (2021) B937-B960.

[74] J. Liang, Z. Xu, Q. Zhou, Random batch sum-of-Gaussians method for molecular dynamics simulations of particle systems, SIAM J. Sci. Comput. 45 (5) (2023)
B591-B617.

[75] J. Liang, P. Tan, Y. Zhao, L. Li, S. Jin, L. Hong, Z. Xu, Superscalability of the random batch Ewald method, J. Chem. Phys. 156 (1) (2022) 014114.

[76] J. Liang, Z. Xu, Y. Zhao, Improved random batch Ewald method in molecular dynamics simulations, J. Phys. Chem. A 126 (22) (2022) 3583-3593.

[77] W. Gao, T. Zhao, Y. Guo, J. Liang, H. Liu, M. Luo, Z. Luo, W. Qin, Y. Wang, Q. Zhou, S. Jin, Z. Xu, RBMD: a molecular dynamics package enabling to simulate
10 million all-atom particles in a single graphics processing unit, arXiv:2407.09315.

[78] Z. Hu, Symmetry-preserving mean field theory for electrostatics at interfaces, Chem. Commun. 50 (2014) 14397-14400.

[79] Y.-G. Chen, J.D. Weeks, Local molecular field theory for effective attractions between like charged objects in systems with strong Coulomb interactions, Proc.
Natl. Acad. Sci. USA 103 (20) (2006) 7560-7565.

[80] Z. Hu, J.D. Weeks, Efficient solutions of self-consistent mean field equations for dewetting and electrostatics in nonuniform liquids, Phys. Rev. Lett. 105 (2010)
140602.

[81] W. Gao, Z. Hu, Z. Xu, A screening condition imposed stochastic approximation for long-range electrostatic correlations, J. Chem. Theory Comput. 19 (15) (2023)
4822-4827.

[82] N. Metropolis, A.W. Rosenbluth, M.N. Rosenbluth, A.H. Teller, E. Teller, Equation of state calculations by fast computing machines, J. Chem. Phys. 21 (6)
(1953) 1087-1092.

[83] W.K. Hastings, Monte Carlo sampling methods using Markov chains and their applications, Biometrika 57 (1) (1970) 97-109.

[84] S. Jin, L. Li, J.-G. Liu, Convergence of the random batch method for interacting particles with disparate species and weights, SIAM J. Numer. Anal. 59 (2) (2021)
746-768.

[85] X. Ye, Z. Zhou, Error analysis of time-discrete random batch method for interacting particle systems and associated mean-field limits, IMA J. Numer. Anal.
(2023) drad043.

[86] S. Jin, L. Li, Y. Sun, On the random batch method for second order interacting particle systems, Multiscale Model. Simul. 20 (2) (2022) 741-768.

[87] W.G. Hoover, Canonical dynamics: equilibrium phase-space distributions, Phys. Rev. A 31 (3) (1985) 1695.

[88] A. Jones, B. Leimkuhler, Adaptive stochastic methods for sampling driven molecular systems, J. Chem. Phys. 135 (8) (2011) 084125.

[89] D.P. Herzog, Exponential relaxation of the Nosé-Hoover thermostat under Brownian heating, Commun. Math. Sci. 16 (8) (2018) 2231-2260.

[90] S. Jin, L. Li, X. Ye, Z. Zhou, Ergodicity and long-time behavior of the random batch method for interacting particle systems, Math. Models Methods Appl. Sci.
33 (01) (2023) 67-102.

[91] J. Liang, P. Tan, L. Hong, S. Jin, Z. Xu, L. Li, A random batch Ewald method for charged particles in the isothermal-isobaric ensemble, J. Chem. Phys. 157 (14)
(2022) 144102.

[92] H.J.C. Berendsen, J.P.M. Postma, W.F. van Gunsteren, A. DiNola, J.R. Haak, Molecular dynamics with coupling to an external bath, J. Chem. Phys. 81 (8)
(1984) 3684-3690.

[93] G.J. Martyna, M.E. Tuckerman, D.J. Tobias, M.L. Klein, Explicit reversible integrators for extended systems dynamics, Mol. Phys. 87 (5) (1996) 1117-1157.

[94] J. Liang, Z. Xu, Y. Zhao, Energy stable scheme for random batch molecular dynamics, J. Chem. Phys. 160 (3) (2024) 034101.

[95] J. de Joannis, A. Arnold, C. Holm, Electrostatics in periodic slab geometries. II, J. Chem. Phys. 117 (6) (2002) 2503-2512.

[96] L.-J. Hou, A. Piel, P.K. Shukla, Self-diffusion in 2D dusty-plasma liquids: numerical-simulation results, Phys. Rev. Lett. 102 (2009) 085002.

[97] D. Bagchi, T.D. Nguyen, M.O. de la Cruz, Surface polarization effects in confined polyelectrolyte solutions, Proc. Natl. Acad. Sci. USA 117 (33) (2020)
19677-19684.

[98] J. Yuan, H.S. Antila, E. Luijten, Structure of polyelectrolyte brushes on polarizable substrates, Macromolecules 53 (8) (2020) 2983-2990.

[99] E.M. Stein, R. Shakarchi, Fourier Analysis: An Introduction, vol. 1, Princeton University Press, 2011.

[100] F. Olver, Asymptotics and Special Functions, CRC Press, 1997.

30


http://refhub.elsevier.com/S0021-9991(25)00016-6/bib7BAEFC1E2562D9211EA68463B8CE0C12s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib7BAEFC1E2562D9211EA68463B8CE0C12s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib7CFE86C42A09E2B833ACF69376E3F893s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib3357547333B4E71F640C09FF93BC09EFs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib2954CDC64496DF3065174DD1F8E1BB57s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib86DC8BE84DB1BD26FC3CB070DFA67635s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib86DC8BE84DB1BD26FC3CB070DFA67635s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib82C7D81C90A00E6CF47DC68747C29FADs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib16A0D1BC9DEFEFC52C767E2D728E24A5s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib246F1533D78559F800D7496331FFA8CAs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib2CB49FF82896CAF4F36C1FB2B9D52670s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibB5EF8AB81026DEA14D08BAD22B196E5Cs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibB5EF8AB81026DEA14D08BAD22B196E5Cs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib154853C5085BCFF017F1D5C10F2B3AF4s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibA38023CA57290F5DC81C54755CADCBCCs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib8623562B041F02B8D191E1BFA7564226s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib8623562B041F02B8D191E1BFA7564226s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib242966A5A1C3B74B2683CABF09EC057Ds1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib1F59E99E43ACC92BADFF0410ED9CD42Es1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib1F59E99E43ACC92BADFF0410ED9CD42Es1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib49AB296DF3E131214F097572DB0A2333s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib49AB296DF3E131214F097572DB0A2333s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib7DA28ED9C030AA5A2864C26343742B18s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib7DA28ED9C030AA5A2864C26343742B18s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibB065B41EA0F55748199A25D44789E847s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibB065B41EA0F55748199A25D44789E847s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibED1A68221A8868193605949A90A132DEs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibE992D9828F59C02033B7C353E713CA22s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibE992D9828F59C02033B7C353E713CA22s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib2E997B4A45CF218DDFB872924380D674s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib2E997B4A45CF218DDFB872924380D674s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibB830B45187BE61519BB61BAF6319286Cs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib327E157DED9286519684BB48B70FD613s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib35DCA8D81A58EBFB7CA0B9D936F5E31Fs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib56609B5B7B3811433F2ECC723954471Es1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibC11D4C2BF2D0071184BFF2E9E2970C01s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibC11D4C2BF2D0071184BFF2E9E2970C01s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib5097F363B1C7D518E3F01DC1C56D033Cs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib5097F363B1C7D518E3F01DC1C56D033Cs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib7030E22CC141FC49AC5335066C2A5A76s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib7030E22CC141FC49AC5335066C2A5A76s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib23F6A1C8FD8965D4DDE7F66049D831F1s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib66022A621A4276376A2D7D784091D58Es1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibCF290159713FD1A88744CA7CE6BED818s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib99DB0A1293D7D109FB3D47992648E33Ds1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibE7DADA957A1DBECD76EB0CA33E1C1984s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibE7DADA957A1DBECD76EB0CA33E1C1984s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib8DAEF2799E5816C4C754E770308B5494s1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bibEE731507EE48F66F126A33BBE4A827FAs1
http://refhub.elsevier.com/S0021-9991(25)00016-6/bib4D0E0FD72D7699F2FF6710B0479D70F3s1

	Fast algorithm for quasi-2D Coulomb systems
	1 Introduction
	2 Ewald summation for quasi-2D Coulomb systems
	2.1 Quasi-2D Coulomb systems
	2.2 Ewald2D summation revisited
	2.3 Error estimates for the Ewald2D summation
	2.4 Extension to systems with charged slabs

	3 Sum-of-exponentials Ewald2D method
	3.1 SOE approximations of ξ±(k,z)
	3.2 SOEwald2D summation and its fast evaluation
	3.3 Error analysis for the SOEwald2D algorithm
	3.4 Complexity analysis for the SOEwald2D

	4 Random batch SOEwald2D method
	4.1 The O(N) stochastic algorithm
	4.2 Consistency and variance analysis
	4.3 Strong convergence
	4.4 Further discussions

	5 Numerical results
	5.1 Accuracy of the SOEwald2D method
	5.2 Accuracy of the RBSE2D method
	5.3 CPU performance

	6 Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgement
	Appendix A Fundamental results from Fourier analysis
	Appendix B Proof of Lemma 2.4
	Appendix C The ideal-gas assumption for error analysis
	Appendix D Proof of Theorem 2.5
	Appendix E Force expression of the SOEwald2D
	Appendix F The Debye-Hückel approximation
	Appendix G The Metropolis algorithm
	Data availability
	References


